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By Walter Ramberg, Albert B, McPherson, and Sam Levy
SUMMARY

The deformation of two gheet-stringer panels subject-
ed to end compresgssion under carefully controlled end con-
ditiong was measured at a number of points and at a number
of loads, most of which were above the load at which the
sheet had begun to buckle. The two panels were identical
except for the sheet, which was 0,070-inch 24ST Alclad for
specimenl and 0,025-inch 24ST aluminum alloy for specimen
6, A techniqgue was developed for attaching Tuckerman op-
tical strain gages to the shest without disturbing the
strain digtribution in the sheet by the method of attach-
ment. Thig technigue was used to explore the strain dis-~
tribution in the sheet at various loads., The twisting and
the bending of the gtringers wers mesasgured by means of -
pointers attached to the sitringers. The sghape of the
buckles in the sheet of specimen 6 was recorded at two
loads by means of plaster casts.

The sheet and the stringer loads at failure are com-
pared with the corresponding loads for five similar panels
tested at the Navy Model Basin., A detailed comparison is
made between the meagured deformation of the buckled sheet
and the deformation calculated from approximste theories
for the deformation in & rectangular sheet with freely sup-
ported edges buckling under end compression advanced by
Timoshenko, Frankland, and Marguerre. The measured effec-
tive width for the specimensg 1s compared with the effective
width given by nine different relations for effective width
as a function of the edge stress ¢ divided by the dbuck-
ling stress Oor of the sheet,

The analysis of the measurei stringer deformation 1is
confined to an application of Southwsell!s method of plot-
ting deformation against deformation over load, If the
stringer approaches instability in accordance with South-
well's relation, the deformation will be a linear function
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of the deformation divided by the lcad and the slope of
the straight line obtained will be egqual to the elastic
buckling load, A good check with the observed ultimate
load wasg obtained from.a plet of the twisting deforma-
tion and of bending deformation as indicated by the
pointer readings and of bending deformation as measured
by differences in extreme fiber strains in those cases
in which all obgerved points.could be brought to scatter
about a2 common straight line, It was concluded that the
stringer failure 1n both specimeng was due to an ingta-
vility in which the stringer was slmultaneously twisted
and bvent ag a column,

INTRODUCTION

The strength of sheet-stringer panels in end compres-
sion hasg become & problem of importance with the increas-
ing use of stiffened sheet to carry compressive loads in-
box beams for alrplans wings and in other types of mon o~
cogue coantruction, .

The buckling of the sheet: betwesn stringersmin a.
panel under end compression, the strain distribution in-
the sheet, and the effective width of the sheet as a func-
tion of the stringer stress, have been congidered from a
theoretical point of view by a.number of authors (refer-
ences 1 %o 24), BExperimental- studies confirming this the-
oretical work have been few in number and restricted in
scope (references 25 to 30). The present paper gives the
results of an experimental gtudy under carefully controlled
end conditions of:'two sheet-gtringer panels.in. end compres-
gion, Wwhich wasg carried out at. the National'Bureau of -
Standards for the Bureau of Aeronautics of the Navy Depart—
ment : ) .

The tests had as. their purpose (1) a determination of
the strain-distribution in these panels, (2) & comparison
of their strength with the strength of similar panels
tested at the Navy Model Basin, and (3) a comparison of
the observed deformations with those predicted from exist-~
ing methods of analysis.

In connection‘with this study, convenient procedurés
were developed for measuring the strains in the buckled
sheet, for observing the ghaps of the. buckles, and’ for
following the ‘deformation of the stringers. ~The observed
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regultes were compared With various theories, The compari-
son suggests certaln modifications in the theorstical at-~
tack that would probably lead to better agreemsnt between
the calculated and the observad deformatlons of the shaet

. The authors are indebted to the Navy Department for
permigsion to publish this work, They also acknowledge
with pleasure the close cooperation with members of the
Structures Section of the Bureawn of Aeronauntics and the
experimental model basin of the Bureau of Construction and
Repair, Navy Department, and, ‘in particular, the many val-
uable suggestions received from Dr, J. M, ‘Frankland of

thhe Structures Section. : '

SPECIHENS

The two test specimens Qre degcribed in table I and
in figure 1, -

Young's modulus, the yield strength:in tension, and
the tensile gtrength of sach sheet and of each one of the
glx stringers,had been Obtained by the ¥avy Department
with Huggenberrer extensometers. They are gsumuarized in
table II, : o : '

The properties.of sheets and.stringers are gseen to
be nearly uniform except the low value of Young's modulus
for the Alclad sheet of gpecimen 1, which is, however, in
agreement with published data (reference '31), .

In addition to-the tensile test, flat-end-column tests

were made at the model. basin on four stringers ranging in

length from 2 to 6 inches. The maximum loads for these
specimens are plotted against. length in figure 2. Thsy
range from 5,650 pounds for the 2-inch snecimen to 5, 500
nounds for. the d-inch-. sp001men.

Flat—end—column tests on two adiitionmal stringer
specimens, 5 and 8 inches in_length were made at the-
Natlional Bureau of:Standards., Thege gpediméns were cast
in Wood's metal to a depth of '3/8. inch at cach end as shown
in figure 3A,  Figure 3 algo showg both specimens after
failure, Figures 4 and 5 give .the regults of extreme
fiber-strain measurements at. the midlength of each stringer.
The strains are practically identical nearly up to failurs,
thus showing that the gtress distribution was very nearly
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uniform over the section of the speclmen and that failure .
must have occurred quite guddenly., Additional readings

of twist on the short specimen showed that its failure

was primarily one of torsional ingtability; this fact is

also brought out by the final fallure, which left the cen-

ter line of the gpecimen practically straight, The faila.

ure of the 8-inch gpecimen, on the other hand, was prin-

¢ipally due to column action; the centsr portion was se~

verely bent after failure. The maximum loads are shown

in figure 2 for comparison with value obtained at the

. model Paginy, They are a few percent higher; this dis- .
crepancy is probadbly due to the restraint of the ends by

the Wood'!s metal,

TESTS

Loading

Figure 6 shows specimen 1 agsembled for a compressive
tegt in the horizontal hydraulic testing machine of 5,
2,300,000 pounds capacity, The following procedure was
uged for mounting the gspecimen. Xach end of the specimen
was centered on the rigid steel block A in such a manner -
as to make the ends of the specimen eguidlstant from the S
ends of the block and to make the vertical axis through
the centroid of the entire cross section of the specimen
pass through the center of the face of block A, which was
in contact with the specimen. Copper pins driven into
holeg in the contact faces of blocks A provided keys for
holding Wood's metal, 1In order to hold the speciren in
the centered pogition and to provide support against crink-
ling of the sheet, Wood's metal was poured around the ends
of the specimen and the pins to a depth of 3/8 inch.
Later measurements showed that the centroid of the shest-
stringer gection for gpecimen 1 lay Q0.057 inch above the
roint halfway between the endsg, which introduced a small
bending moment due to sccentric application of load that
had %o be considered in analyzing the resgults of the test.
Each steel block A was centered on the faceplate B of the
loading head C with the help of a dowel fitting into a
central hole in both A and B, The loading head C and the
knife-edge support G were taken from a bell-crank fixture
of 75,000 pounds capacity for testing Wing beams under *
combined axial and %transverse loads, The faceplate B was
free to turn about a vertical axls by belng placed in a v
cylindrical bearing cut in the loading head C, It wase
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also free to turn adbout the horizontal axis defined by the
knife edge. Tals arrangement assured that the stress dls-
tribution over the end gection of the gpecimen would be
uniform at loads below those producing bdbuckling of the.
sheet (except, in the case of specimen 1, the small bend-
ing moment due to the eccentricity already mentioned),

The cylindrical bearings in the loading heads C were
locked before the buckling load of the sheet was reached
to hold the endsg fixed against rotation sbout a vertical
axis,

The edges of the sheet parallel to the load were sup-
ported by two pairs of bars DO designed to approach as.
closely as practicable a condition of simple support (zero
displacement normal to the plane of the sheet and zero
bending moment), It is realized that these conditioms of
support did not exaetly reproduce those at the stringersg;
however: the tests indicated that they were a gatigfactory
approximation., TFigure 7 shows the construction of the
edge-support bars. The bars were separated with spacers
of thickness shown in figure 7. This allowed the sgheet to
glip in to the point of tangency with the two curved faces
of the bars. The two pairs of bars D were then placed a
constant disgtance apart with the help of the spreader bars
E (fig. 8), allowing a small clearance between the spacers
and the sheet in order to psrmit expansion of the sheet un-
der the action of the.compressive load, The whole frame-
work D and E supporting the edges of the shest was carried
by a2 pair of rollers F resting on the end blocks A (fig. 6).

deasurement of Strain

Attachment of strain gages.- Several gschemes were con-
sidered for. attacning a large number of straln gages to the
sheet without disturbing the strain distridbution in the
sheet by the method of attachment., Figures 8 and 9 illus-
trate the scheme that was finally adopted because of its
relative, 31mpliglty and convenience, . Each gage and its
mate on the opposite side of the sheet were held directly
agalnat the sheet either by a wire or by a fork formed of
aluninum-alloy sheet bearing and rocking om a roller,
wanich in turn rested on the gtrain gage. The ends of the
wire or of the fork, as the .case might be, wWere held by
stretched rubber bands whose sheet end was anchored to an
aluminum~alloy hook attached to the sheet surface of the

'specimen, A particularly firm attachmeént of the anchoring
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patch was obtained by first varnlshing the gpecimen with a
gspar varnigh, then placing on it a patch of Scotch tape,
varnighing the sdges of the Scotch tape down again to pre-
vent peeling under sustained tension, and finally csment-—
ing the anchor :piece of sheet metal to the patch with a
drop of hot De Khotinsky cement.. The intermediate patch
of Scotch tape prevented spalling off of the anchoring
patch even with severe buckles in the sheetb, -

Correction of readings for bowing of medlan fiber, -
A correction had to be applied to the average of the meas-
ured strains .in order to give fthe actual median fiber
strain in those cases in which the dbuckles were very se-
vere, 'The average of the extreme fiber sxtensions or
contractiong does actually glve the extension or contrac-
tion at the median fiber with great accuracy, Pert of the
contraction, however, is due to. the bowing of the median
fiver (fig. 10) and an amount egual to the shorteninsz

Ayv - ZET

must be added to the average extensions to give the exten-
sions due to strain only .

€y + €5 AAY . AAY .
€ = =+ (l)
2 1

where €, and €5 are the measured extreme fiber exten-

sions per unit length asg given by the two strain gages
attached %to each side of the sheet. Assume that the radius
of curvature r of the buckle remains congtant over the -
-gage length -1, The shortening due to bowing is then,
from figure 10, o ' ' S

— — ’ 3 a5
ALv - BAT =7¢p - 27 sin @/2 = v - 2r (= - & . 2 _ ...)

2 48 120 32

1 . Cpq' . 1 1N 2 : 1 I 2 _’
- (v - )= L [1_ 5k
P <$ ' 24 (r . - . 80 \r f' j ' (2)

The radius of curvature r may be calculated from the Aif-
ference in oxtreme fiber extensions per unit length by using
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the well-known relation

1 €, - €4 ° : L

-= = - £ . N - - (3)

r . o o ' ! -
where 1 1is ths thickness of the sheet, ':Insertlng thisg

relation. in equation (2) .and the resulting expression in
equation. (1) gives the following relation between the
median fiber -strailn ¢ . and the ameasured extre;e fiber.

extensions per-unit length €, and €,

} tl+€

, et T A (A Ve ey
2 L24<h/ _(€ <) J{l"‘so <h_> (,"1"62) e, (8)

The corrcction that must be added to the average sxtension
per unit length in order to give the strain at the median
fiber is given by the second term on the right-hand side
of equation (4). It may be calculgted from the known gage
length |, the sheet thickness. h, and the measured eox-
treme fiber extensions per unit length €, and ¢,,

Observed sgtrain distributions.~- The strain distribution
in specimen 1 was moagurcd at the locatlons shown in figure
9 with nine pairs of l-inch Tucksrman optical strain gages
attached to the gheet and three pairs of 2-inch Tuckerman
optical strain gages attached to the stringers and the por-
tion of the plate to which the stringers werec riveted, An
atteompt was made in a preliminary run to measure the axial
strainsg at four stations between adjacent stringers, asg
shown in figure 6. It wasg found, however, that this pro-
cedure placed the gages so close to each other that sevoral
of them interfered with onc another as soon as the plate
began to buckle, All gages functioned properly with the
distribution shown in figure ¢ up to 1oads well beyond that
required to buckle the shest,

Figure 11 shows the distribution of axial median fiber
strain along the transverse center line of specimen 1 at
compressive loads rarnging from 5,000 to 25, 000" pounds, The
median fiber strain was computed from the strainsg indicated
by the two strain gages placed on opposite sides of the
specimen, the correction for bowing (equation (4)) being -
made in those cases Where the bowing was appreciable. The
median fiber strains so obtained show a consistent behavior
although the extrewme fiber strains were in some Cases very
different from onec another, owing to the bending produced
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by the bucklesg, Tne amount and irregulsr nature of this
bending for the 25,000-pound load can be seen from the
plot of extreme fiber strains shown in figure 12, The ex-
treme fiber straing are close to each other at the string-
ers only, The values of sgtrain on the gtringer side shown
for these polnts were actually measured on the extreme
fiber of the stringsr; reducing to the extreme fiber of
the sheet would bring the strailmg still closer together,
FPigure 12 emphasizes the neccegsity of measuring strains on
opposite gides of the shéet in tests of this type. Pigure
11 shows that the Axial strain was approzimately uniform up
to loads of around 13,000 pounds. Beyond this load, the
stringers took an- increasing proportion of the load while
the sheet wag relieved of part of its sharé-of the load by
the formation of buckles,

The increase in strain on stringer A ag compared %o
stringers B and C may be accounted for by -the pregence of
the small moment M = eP =.0,0587 F 1inch-pound due to ec-
centric loading, Thls moment will produce a bending strain
at a distance from the centroid (fig. 11) given approxi-
mately . by Agfy = M x/EI for loads too low to produce buck-

ling of the sheet. The resultant strain €, nay be calcu-

lated by adding the bending strain to tho axial strain:

€ _-_-__2_ (1+exé’--\ : (5)
AR AN I/

Tith the numerical values 4 = 1,51 sg. -in., ¥ = 10,4 x 10°
1v,/sq. in,, I =-28,0 in.,*, and o = 0.057 in,, this esqua-
tion becomes’ ' ' ' ' '

) | .
€p = e = P(1 + 0.00307 x) (6)
15,7 X 10

. ! B

. The correspording stralght lines are ghown dotted in fig-
ure 11 for loads of 5,000, 9,000, ‘and 13,000 pounds,

The agrsement between obéerved .and calculated strains be-
low the load producinq bucdkles in the sheét is seen to be
satisfactory. The’ simple beam foraula (equation (8))
ceases to describe the strain. distribution for loadsequal
to or greater than 17,000 pdunds., Beginning with this
load, 'the axial strain changes relatively slightly at a
point midway ‘between stringers while it increases rapidly
near the strlngerq."The 1oad carrled by the sheet becomes
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a deereasing proportion of the total load and the strain
distributlon takes on 8’ characteristic wvave pattern.

It wculd mnot be correct to conclu&e from the fairly
regular wave pattern of the axial median fiber strains
that the extrems fiber strains would be equally symmetri-
cal, .Figure 12, which shows both the axial extreme fiber
straing and the median fiber strains along the transverse
center line of specimen 1 for the 25,000~pound load, in-
dlcates almost no bendingzg between stringers A and B, con-
siderable bending between stringers B and C, and even more
bending between stringer C and the outside edge of the
specimen, A nodal line in the wave pattern between A and
B wag apparently associated with a crest between C and the
edge; the buckle pattern in a given bay between two string-
erg seemed to be independent of the buckle pattern in ad-
Jacent bays up to a load of 25 OOO pounds.

The beginning of buckling in the sheet was indicated
by a sudden increase in the bending strain as measured by
the difference in reading on strain gages on opposite
sides of the sheet. Thik &8s clearly shown in figure 13 for
the readings of the transverse strain gages. The bending
strain increased ten times as 'the gstringer stress increased
17 percent from 12,000 to 14,000 pounds per sgquare inch,

All the strain gages were removed from the sheet at
& load of 235,000 pounds and only the three pairs of gages
shown in figure 14 were kept on to indicate stringer strains
for loads above 26,000 pounds. The strain readings on the
stringer gages are plotted against load in figure 15,

FPilgure 18 showgs the axial strain distribution for
specimen 6, Buckling of the sheet in the case of this
specimen wag observed at a load between 'L,000 and 2,600
pounds corresponding to an average stress P/A between
1,260 and' 3,300 pounds per square inch, With the progress
of buckling, the average compressive strain at a section
midway between the stringers decreased slowly until it
actually turned into a small ten31le strain for two of the
bays. . -

The axlal extreme flber strains along the transverss
center line of specimen 6 are shown for a load of 10,900
pounds in figure 17. As in the case of specimen 1, there
seems to be no transfer of deformation due to buckles
across the, stringers; the buckle pattern in a given bay -
between two stringers gseems to be unaffected by the buckle
pattern of adjacent bays up to &-1load of 10,900 pounds,
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The measuremsnts of axial gtrain along the transverse
center line of sgpecimen & were followed by measurements of
transverse and of axial strain in other portions of the
specimen. 'In the course of these meagurements, it appeared
that the strain readings at a given load and a given loca-
tion could be repeated within the observational error in
guccessive tests, It was concluded that the measgured strain
digtributions could be superposed on esch other Just as if
they had a2ll been determined simultaneocusly and that they
could be applied In calculating stresses from straing,

The distribution of axial median fiber strains along
the transversse center llne was obtained from strain gages
mounted on the .specimen in; the -samp -locations as shown in
figure 9 for specimen l,.. Transverge strains were meagured
along three l-inch gage lines Qngthe trangverse center
line ag shown in figures 18 and 19.  The results of these
measurements for bay 3 (between stringers S and R) are
shown graphically in figure 20, '

Figure <1 shows the distribution of both axial and
transverge median fiber sgtraln -along an.axial line midway be-
twoen two etringers ag obtained from atrain gares mounted
asg shown in figures 19 rand 22.

Three 2-inch strain gages were mounted on stringer R
ag shown, in figure 22 to measure the variations of stringer
gstrain along a buckle, The resulting .average strains were
found to be nearly constant; the gages apparently covered
too large a portion of a buckle to indicate the variation
of strain along the buckle.,

All gtrain gages: were removed froan tne sheet at a load
of 12,500 pounds and only thres pairs of gages were kept on
the three stringers, as shown in figure ‘14 for .gpecimen 1,
to glve valueg: of ‘the stringer strains for loads above
12,5600 poundg,- The strains 1in the individual stringers are
shown in flgure =23, .

Shape of Buckle from Plilaster Casgts
The analysis of test regults from the first specimen
showed the importance of an experimental determination of
the shape of the buckles in the sheet,.” It ‘was decided,
accordingly, .to attempt plaster of paris casts of the con-
tours after buckling of: the” gsheet of specimen 8. Good

rlaster of paris casts of the sheet gide of specimen &
were obtained by the following method.
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The: specimen . was very lightly greased with soft cup
grease; a cover was placed betwesn the sheet side of the
specimen and the vertical suspension members B (fig. 14)
to form a backboard for the plaster casgst, A4 piece of
paper was ingerted between the backboard and the cast to
prevent sticking of the plaster to the backboard, Scoteh
tape was used to geal the plaster contalner and to attach
it to the specimen, The plaster was poured slowly into
the container and was allowed %to harden for 5 to 10 min-
utes; the casgt Was then removed from the specimen, Figure
24 shows gectiong of plaster castg obtained in thisg manner,
Contours of the cagsts wWere measured as follows, The cast
was fastened to the table of a milling machine so that the
rivet lines Wwere parallel to the longitudinal feed screw,
A dial micrometer was attached to the spindle to measure
the change in . vertical distance hetween the surface of the
cagst and the spindle, from which the elevation of the meas-
ured point on the cast was computed., The posgition of the
measgsured point in a horizontal plane was determined with
the longitudinal and cross feed gscrews of $the milling ma-
chine.

Some of the results 6f the contour measurements are
shown in filgures 25 to 28.

Figure 25 shows the deflection at a load of 5,800
pounds along linesg parallel te the stringers extending the
length of a complete dbuckle. The deflection is nearly
gsinusoidal except for lineg close to the stringers. At
the stringer, only the small bdbucklesg of the sheet betwesn
rivets reémain, ’

FPigure 25 shows the deflections at a load of 6,800
pounds along lines extending at right angles to the load
from stringer to stringer. ,The deflection in the trans-
verse direction i1s seen to deviate considerabdly from a
sine curve. The slope of the curve decreases as the
stringer is approached, owing to the restraining momont
from the torsionally stiff stringer.

Figures 27 and 28 show deflections at loads of 6,800
and 10,900 pounds, respectively, along transverse and axial
lines passing through the crest of a buckle, The approxi-
mately 60-percent increass in load proéoduces an increase in
deflection of-about 30 percent without 2 noticeadble changse
in the shape of ths buckls,
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. Deformatlon ‘of strlngers from Pointer Readlngs

It appeared d631rable to follow the development of
failure . in the stringersg and to obtain a qualltatlve plec-
ture of the type of. . .failure,: :

The two strain. gages placed on each strinper one on
the sheet side (fig., 14) and the- other on the stringer
side (fig. 9), will measure only the extreme fiber strains
in the stringer; they will not indicate the amount of twist
in the stringer, neither will they give a clear picture of
the amount and the type of buckllng.

In order tor get a picture of the tW1sting and the
buckling of the stringer up to failure, it was suggested .
by Dr, J. M. Pranklangd of the Bureau of: Aeronautics that
pairs. of pointers should be attached to the outstanding
flange of .each Z-stringer. The displacements of these
pointers would be & measure of the relative angular dig-
placement of the gections to which they were fasgtened.

Two types of pointers were employed, The type used
on specimen 1 is shown diagrammatically in figure 29. The
pointers consigted of polished air rifleghot mounted on
the ends of two wires, one normal to the sheet with coor-
dinates b,, ¢;’ relative fto the centroid of the stringer

and the .other paralleél to the sheet With coordinates by,
Che PFilgure 30 shows & photograph ‘of the’ 1nstallation on

specimen 1, The. highllghto on. the balls served as refer-
ence points for measuring the distances from sach ball to.
one of the horizontal and one of the vertical reference
wires A-A, B-B connected to the heads of the machine., The
photographs were made on glass plates with a highly cor-
rected lens working at F32; measurements were made from
the plate by means of a Zeiss traveling’ mlcroscope. The
least measurable- relative dlsplacement was of the order of
0.002 inch, " A displacement of O . 002 inch oorresponded to
a twigt of ‘0,0004 radlan. o . _

Since there are two pointers at each section, four
dlsolacements may be read two displacements u,, ug in

a norlzontal directlon (flg. 29) and two dlsplacements

v v in a vertical diraction. From these four dis-

1°. 2

placements and the known axial straln €x in the gtringer,

the twists 64, Ey, €, about. three axcs through the
centrold may be computed for a stringer section at a dis-

L7
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tance x from the transverse center llne by substituting
in the following formulas:

L Wg - v
- gy = L2 1
c, .= C,
.; byuy = bou, o+ (by - bi)xexl > ,_f
6, = , o (?)
egb; - c;b, .
¢ o Sata - Gyt (cp - c1)xey
z cgby - ;b )

where the subscripts 1 énﬁ 2 refer to the pointers 1
and 2 in figure 29. C ’ .

Substitution of the meagured polnter displacements}
for stringer B in equation (7) gave the rotations 6,

Gy, -€,, shown in figures 31 to 33 for loads.from 23,000

to 36,500 pounds. ~ Failure octurred by critical
ingtability of the stringers at a load of 36,500 pounds,

The twist 6, about the axis of the stringer is seen

from figure 31l to alternate at low loads from pogitive to
negative values corresponding roughly to the buckles, which
are shown diagrammatically below the curves. A&s the load
increases, & twist of the stringer as a whole 1s superposed
on the alternating twist, '

The twist'he& about the axis mormal to the stringer

in plane  of the sheet, which is shown in’ figure 32, ap-
proaches zerc at the ends and the middle of the stringer,-
The stringer deforms like a column with clamped ends bend-
in§ out of the plane of the sheet (see also sketch in flg.
32

The twigt Qz of stringef B about an axis.normal to

. the sheet is shown in figurs 33, The twist about.-this "’
axis is too small-for accurate ‘measurement; it shows oscil-
,lations that are probably due to t he buckles in the adJa-
cent aheet. :

*The curveé 'Ey(x) and E€z(x)" must:haVe an average
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value of zero to satisfy the condition of zero displace-
ment v, w at the ends of the stringer; this requirement
follows directly from the relations Ey = dw/dx and

€, = dv/dx connecting w and v with Gy and 6,, re-

spectively., Actually, Gy and 6, were found to have

average values definitely higher than zero, An examina-
tion of the data showed that this discrepancy could be as-
cribed to a small displacement to one side of the equidis-~
tant vertical wireg B-B (fig. 30), the displacement in-
creaging with the load, ¥No attempt was made to correct
the curves in figures 32 and 33 for this displacement,
gince the correction would only involve downward displace-
ment of each curve as a whole,

The deformation of the gtringers of specimen 6 was
also measured with pointerg, ‘A different method wasg used
which gave greater accuracy and was more convenlient than
the method applied to specimen 1. The twisgts Gx, Gy,

and 6y, were‘measuféd by the relative displacements
v, - vz, 4 - ug, =and wuy - vz, of three black crosses

that were marked on cardboard glued to sheet aluminum
pointers attached to the web of the Z-gection at the cen-
troid ag indicated in figures 34 and 35, The twigts of
the section about axes through the centroid are given by
(see fig. 35):

v -V u - _- 1 -
1 : 2 3
By = =2, = ~Ee——P § = (5)
Ciz Cia bz
where c,, and bas are the disfances between the crosses

indicated in figure 35 and where u,, u,, and u, denote

displacements of the crosses 1, 2, and 3, parallel to the
stringer, and v, and v, denote displacements of the

crogses 1 and 3 normal to the stringer and parallel to the
plane of the gheet, Attachment of the pointerg to the webd
of the Z gectlion rather than to the outstanding flanges
prevented errors from local buckling of the flanges of the
stringer, The use of the third crogs 3 permitted the meas-
urement of twists without having to measure displacements
relative to a distant reference wire as in sgpecimen 1 (fig.
30) and eliminated the errors from a displacement of the
reference wires, The uge of black crosges provided more
accurate reference marks than the high lights on the rifle
shot and psrmitted the measurement of twigts '€x and Gy

with 2 gensitivity of about £0,0002 radian.
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. Floures 36 to-38..show -the rotations' €., . Ey, and

8, for the central stringer R 'of specimen 6 for loads.

ranging from 1,400 to 18,000.pounds,

Figure 36 shows the twist . 6, about the axis of the
stringer, Ccmﬁarieon with'figure 3l shows & relative pre-
dominance of the over-all twist of the stringer as a rod
twisted from the énds on which are superposed the alter-
natinc twists due probably to the buckles in the sheet,

Fieure 37! ShOWs the rotation ey of stringer R ‘due

to bending ‘about an axis parallel to the plane of the sheet
at right angles -to the stringer. -Comparison with figure

32 shows that this bPending is different in distribution and
is of much lower magnitude. The experimental error in
reading G -1g too large %$q establish the nature of the

bending deflnitely, it *s probably due in part to the ac-~
tion of the- buckles in the sheet while, for specimen 1,
the bendlng was due principally to column action 'of the
stringer..

1aure 38 shows tne rotation TEZ abdut &n axis nor-

mal'to the sheet. The measured rotatlons gre very small
and lie, in most cases, within the accidental scatter of
points, which was foynd to be of the order of £0, 002 ra-
dian for these measruements, This relatively large scat-
ter.can be ascribed to the’ replacement of the Zeiss trav-
ellng microscope by another’ microscope that could measure
the relative displacemént of two points as far apart as
points 2 and 3 (fig, 35). Tnré general slope of the points
from right to left indicates a small amount of bending of
the central stringer in the plane of the shest. .

Failure of specimen 6 occurred by critical instabil-
ity of the stringers at-a load of 18,400 pounds, The
.sheet side of specimen 6° after- failure is shown in figurse
‘839, Comparison with figure 14 shows’that the 0,025~inch
‘'sheet of specimen 6 buckled between rivets in a number of
places but that there was‘no bucnlinp between rivets for
the 0,C07-inch sheet of speclmen 1.,

 COMPARISON WITH MODEL BASIN RESULTS

"'A comparison of the test_fesults from the two sheet-
stringer gpecimeng given herein with five specimensg of the



18 N,A.C,A. Technical Note No. 584

gsame design and of various lengthsg tested at the Navy model
basin are shown in figures 40 and 41 and 1n table III,

Figure 40 shows the average load per .stringer element
and per sheet eloment plotted as & function of the external
load on the specimen for the three 0.07-inch Alclad panels
tested at the model basin and for sgpecimen 1 tested at the
National Bureau of Standards, . The stringer load for speci-
men 1 Was calculated by multiplying the average stringer
stregs for the three stringers by the stringer area, the
stringer stress being determined from the measured stringer
strains .(fig. 15) and the stress-strain curve of the
stringer as given by the short-column test (fig. 4). The
average plate load was then taken as ons-fourth the differ-
ence between the total external load and the load on the
three stringers. The pointy for the gpecimens tested at
the model bagin were taken from.curves giving stringer
loads and plate loads, which were obtained frém the Bureau
of Aeronautics of the Navy Department. The gtringer loads
for thesge curves were calculated by multiplying the msag-
ured average stringer gtrain at the center gection by a
Young's modulus of 10.5 X 106 pounds per square inch and
by the stringer area of 0,13 square inch, The points in
figure 40.were copied from these curves, oxcept for a small
correction for yielding made with the help of figure 4,

The points for the four specimens scatter ‘about a common
curve beginning with a straight-line portion, in which the
ratio of stringer load to plate load remains constant up to
an external. load of about 20,000 pounds, Beyond this load,
the sheet ceaged to carry its full share of the load because
of buckling and the slope of the two curves changes to an-
other palr of stralght lines. The load at. failure varied
through a small rangse from 36,000 pounds to 37,000 pounds.

Figure 41 shows the corresponding set of curves for
the three 0,025-inch specimens, two tested at the model
basin and the .third at the National Bureau of Standards
(specimen 8), 1In this case, buckling of .the sheet occurred
at a much lower load and the two curves cease to be straight
lines through the origin beglnning at a load of about 2,000
pounds.,, The gtringer loads for the specimeng tegted at the
model basin were consistently lower than for specimen 6,
the difference being as much as 8 percent for some of the
points, There was also a considerable difference in the
load at failure, which was 15,800 and 16,100 pounds for the
specimens tested at the model bagin and 18,400 pounds for
the specimen tested at the National Bureauw of Standards.
The difference is believed to be due to the difference in
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the end restraint of the -panel for the two tests. The
specimens at the model basin were tested with bare flat
ends while the specimen at the National Bureau of Standards
wasg tested with flat ends cast in Wood's metal, The cast-
ing-in of the ends probably servsd to give greater end re-~
straint to the stringers and to prevent local criunkling

and subsgequent failnre of the thin sheet at the ends,

The sheet-load curves in figures 40 and 41 were uged
to compute the effective width of the sheet by applying the
definition of effective width as the width of sheet that,
subjected to a uniform stress equal to the stringer stress,
will support a load equal to the sheet load. The ratio of
the effective width w to the initial width w, of the

sheet between adjacent stringers 1s then equal to the ratio
of the average sheet stress P /A to the average stringer

stress . Pst/Aét' which leads to the formula

P_/A
s’ g
w=...____._...wo (9)
Pst/Ast

where'’ Pé and Pét are the measured sheet loads and '
stringer loads, W, = 4 inches is the initial sheet width,
and A, and A gy are the cross-sectional areas of a

sheet element and of a sgtringer elemeut, ‘respectively.

The effective widths for the specimens with the 0,070-inch
sheet in figure 42 - group about a common curve for stringer
stresges above the buckling stress.:  Figure 43 shows that
the effective widths of the thin-sheét specimens 4 and 5
tested at the model basin were generally greater than those
for specimen 6 up to loads approaching failure; near the
ultimate, the effective widthse of all three specimens had
approximately the same value,

Table III summarizes the loands per sheet slement and
stringer element, together'with the average stringer
gtresses and effective widths at failure for the five
specimensg tested at the model basin and the two specimens
‘tested at the Natlonal Bureau of Standards.

The total loads at fallure for the' four specimens of
0.070-inch 24ST Alclad were found to be nearly independent
of the length of specimen and the location of test, the
‘values ranglng 'from 36,000 pdunds to 37,000 pounds. "In the
case of the three’ specimens of 0. 025-1nch 24ST sheet mate -
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rial, the total load at failure of 18,400 pounds for the
specimen tegted at the National Bureau of Standards is
about 15 percent higher than the loads of 15,800 and
15,100 pounds for the two gpecimens tested at the model
bagin, The differeonce is due principally to the increase
of about 21 percent in the average load carried by the
stringer element for gspecimen &6 ag compared to that car-
ried by the stringer element of the specimens tegted at
the model basin, .

The sheet load at fallure was very nearly constant
for a given thickness of sheet, ranging from 5,500 to
5,650 pounds for the O, O70-inch 2437 Alclad sneet and
ranging from 900. to 1,100 pounds for the 0,025-inch 24ST
sheet, .

The average stringer stress at failurc was equal to
33,200 pounds per square inch for eaclh onre of the two gpec-
imensg tested at the National Bureau of Standards, It
ranged from 30,200 to 38,400 pounds per squarc inch for
the gpecimens tegsted at the model basgin, the stringer
stress at failure belng about 10 to 20 percent lower in
two 1l9-inch gpecimeng tegted at the model basgin compared
with the two l9-inch specimens tested herein, Good agree-
ment was obtained between the stringer stress at failure
for the shorter specimens 2A and 2B and the two speci.ens
tested at the National Bureau of Standards, The relativo
logss in buckling strength of the . stringers for specimens
4 and 5 tested at the model basgin is probadbly due to the
difference in end condition, the bare, flat-end condition
providing less regtraint than the casting of the ends in
¥ood's metal used in the present tests,

COMPARISON WITH THEORETICAL RESULTS
. Deformation of Sheet

Timoghenko's theory.- The deformation of the buckled
sheet between the stringers may be theoretically approxi-
mated by Timoshenko's theory (reference 19, pp. 370, 390,
etc,), which consgsiders each buckle to be deformed ag a rec-
tang ular plate or sheet buckling under edge compression,
Figure 44 shows the coordinates that were used in applying
Timoshenko'!s theory as well as the other theories consgidered
later in this paper., Timoshenko assumes the displacement w
normal to the plane of the sheet to be a sinusoidal buckle:

= e oy
w f cos 5o cos Z¥ (10)
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v 1iIn the plane of the

sheet and in the direction of the load by

C,

The mean displacement
fore corregponds to a

ment v in the plans
taken as

v = G
The constants f, C,,

. TX my
Sll erwm COR w—e o
a 2

ex _(11)

in the direction of the load there-
compregsive strain e, The displace-
of the sheet normal to the load is

sin IX cos TX 4 oy (12)
b 2a
and C, are detormined by making

the sirain energy corresponding to a given compression e

a minimum,
in wihich the edges

pand im the

The constant o
y = xb

fixed against a displacement v
is calculated for the case of edges 7y =
Yy direction by so determining «

is taken as zero for the case
of the plate are assumed to be
in the y direction,. It
+b free to ex-
that the

sum of the normal.stresses along the vertical edges of the
plate is equal to zero,

- In applying éxpressions (10) to (12) to describe the

deformation in a buckled sheet,

the edge conditions of zero

curvature and constant displacement along the modal lines

X = <@g

of the buckle are satigfied.
the stringer edges ¥

The restraint along

= xb ig far more complicated. I%

will be affected by the torsional and flexural rigidity of
the stringer as well as by the method of attachment of the

sheet to the stringer,

The assumptions (10) to (12) corre-

spond to edge conditions of zero bending moment and zero

normal displacement at the gtringer,

Such edge conditions

cannot be gatisfied by a stringer of practical design
gince these gtringers would necessarily have zero torsional
rigidity coupled with infinlte flexural rigidity about one

principal axis.

the stringer edges.

It will be assumed,
purpose of comparison,
by equations (10) to (12), «
for the cags of free expansion in the

neverthelesgss, for the
that the sheet deformg as degscribed
in equation (12) being chosen
¥y direction along

The order of agreement beitween ob-

served and calculated deformations will then be taken as a
measure of the adequacy of Timoshenko's approximate theory
as applied to the present problem of the deformation of the

buckled sheet

in gheet-stringer panels, : '
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The median-surface strains may be calculated according
to Timoshenko from the assumed displacements u, v, and
w by substituting them in the equations

. \
€ = QE--I- 1 (
x ox ox“

i

N . dv , l7aw\& U
g;-i'— 3T ) ? (13)

v ou ow Ow
Vgy = = + = o ———

ox oy dx 9y

Equations (13) will contain the unknown coastants G, Cs,
and f. The values of these constantsare -determined by
making the total -gtrain energy stored in tho plate a mini-
mum, The procedure of calculation ig outlined in detail
in reference 19 (p. 391). Timoshénko carr¥iés the calcula-
tions to a numerical conclusion only fo¥ the case of a
square shest (b/a'= 1), If the c¢alculations are carried
out for the more general case of & rectangular sheet, the

following expressions result for the constants £, C,, and
Cy - with an assuméed value of Poisson's ratio v = 1/3:
C . v /a)241
£ = 1.07 % i—l-l-—: Jo - 1
- 2R(v/a)®
2R, :
C, = 0.139 ——= ) (14)
- a
S  £2R,
-Gy = 0,139
s . a . )
where -t “”ig the thickness.
n"='e/ecr,~ ratio of sheet strain at stringer

y ='ab..to the critical strain eg. at
which buckling occurs,

R, R, auq“ R ‘functions of b/a given by f1g~

1 -3

ure 45 (R® rather than R was plotted because
it occurs more frequently in subsequent equa-
tiong).

b 1
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The critiecal gitrain for. buckling of the gheet 1s given
by the equatlcn

. _ 2
e.. = 0.9287 tar(D/a) + 1]
cr aaL 2(b/a)2 U

(15)

The functions R, R;, and R, were adjusted to be equal

to unity for the case of the square sheet (b/a = 1). For
this special case, the formulas (14) and (15) will reduce
to the corregponding expressions given by Timoshenko except
for minor differences that may be agcribed to Timoghenko'!s
choice of Polsson's ratio as v = 0.3 compared %to the
present choice of v = 1/3, The value of 1/3 was chosen
herein since it led to cancellation of several terms with
the factor 1 - 3v,

Substitution of equation (14) ‘in equation (13) gives
the following expressionds for'the axial and transverse
median-surface strains:

t2 7 (b/a)®+1 \

x = -;t-————-—— -0. 92’7n+(n—l)/0 499——-cosEc0QE-y;
a? 1 2(v/a)? r> a - 2b/
+(n_1) (.J.'—;.i}-?. sing T.IE CQSz T_T.Z -]
C N R® 2a, 2b 7]
- o P (18)
; ='Ei ((b/a)2+} ]2(0 509m+ (2-1) (0.817R, 0.704 >
2 L.2(b/a)® 1 L “(v/a)R? (v/a)2R®
0.498R, . 1,40
+ —-—————(n~l)cosz§coszx + —————EL—(n—l)sinazzcosg——]

(b/a)R® - . 2 b (b/a)?R 2 2a )

Tne stresses may be calculated from the stralns by using
the familiar relations

(Ex + uey)
(17)

oy = ——3 (cy + veg)
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where 1  1isg the vdlue . of Poissgon's ratio for the sheet
material,. The load Py carried by the sheet must be

equal to the resultant of the axlal stresses across the
edge -x = constant. Making usé of egquations (16) and (17),

Ps becomes

+b
PS = t /'O—xd.;‘,"

b

bEt > i"(b/a)2 +17°% ri.s9i(a-1)
i | -
a® L 2(v/a)® o+ o g®

gin? (%EKE +

0.528(n - 1) X 0.715(n-1)R
( cog? Cl—\ + ( d cos(Ez\
(b/a)a R 2a, RS2 : ~& -

4

: : , 0.238R 0.529
1,852 n + (o -'1) g _ ]

(b/a)R®  (b/a)?r® -

(18)

It follows from equation (18) that the compressive (nega-—
tive) load carried by the sheet is least at the cresgt of
a buckle (x = 0) and greatest at the nodes (x = =*a),
The total load must be independent of x; thorefore, the
load taken by the stringers must vary in such a way as to
compengate for the variations in sheet load.

The expressions (1l6) to (18) may be applied directly
to predict. the behavior of the sheet in a sheet-stringer
specimen provided that the ratio b/a of buckle width to
buckle length is known. The length 2a of the buckle will
depend on the condition of restraint of the gheet at the
stringer edges; in addition, there must be an integral
number of buckles along the length of the stringer., A
rough calculation of a (reference 19,.p, 329, and refer-
ence 32, p. 245) for sheet-stringer spocimen 1 having a
free length '

1l =19 in.

and & gtringer spacing
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2b 4 in,

]

gave five buckles or

2a = 3.8 in.

for the extreme case of simply supported sdges ard seven
buckles or :

2a =.2.7 in,

for the cage of rigid clamping at the strlnger edges y =
*b and simple support at the loaded edges., Direct meas-
urement of the buckle length for the 0.070-inch specimen -
(specimen 1) gave on the average

2a = 2.7 in,

or approximately seven buckles; that is, 2a agrees closely
with the theoretical value for rigid clamping. Assuming
geven buckles and neglecting the effect of the Wood's metal
end supports gives the following values for the parameters
b/a, R%, R,, and B, found in equations (15) to (18):

b/a = 1,473, B® = 0.737, R = 1,112, Ry = 0,526 (19)

Substituting further -

i
‘—J
~
[v}]
o
]
AV]
H
B

E = 10,5 X 106 1b./sq. in., D =

t = 0,07 in., a = 1.358 in, (20)

givés, for specimen 1, the following value for the critical
strain: '

egr = 13.1 x 107% DL (21)

This strain corresponds to a critical load of

Pop = Be,,A = 20800 lp, : - (22)
and a critical stress of 13,800 pounds per sguare inch,
which-is in good agreement with the observed stress of
around 13,000 pounds’ per’ square inch (figs 42) at which
buckling started The sheet load per elsment 1w, fron
equation (18), ‘ ' ' '
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P, = 2150 -1717n 4 344(n-1)cos DE-1v., for P > Py,  (28) .
where
n = efegy = e/13.1 x 107% (24)

In order to compare this sheet load with the observed sheet
load plotted in figure 40, 1t was necessary to determine
the theoretical total load P on the sheet-stringer panel,
This total load coneisted of the load carried by four shest
elemsents and by three stringer elements, The load carriod
by the four sheet elements will be approximately equal to
four times the average sheet load given by oquation (23) if
the cosgsine term is nezlected sinceo the buckle pattern on
the four sheet elements will be, in general, out of phage
with each other by a random amount, The total load carried
by the stringers was sstimated by multiplying the average |
stringer gtrain e by B =:10,5 X 10° pounds per square
inch and the resulting stréss by the total stringser area,
Figure ‘40 shows as curves & the sheet load against the
total load on the spec¢imen estimated by the foregoing pro-
cedure for the extredme cages of & section through a cregt

x = 0, where the sheet load is a minimum, and a section -
through & node x = ==, Whore it i1s a maximunm, - The correo-

sponding maximum and minimum possible loads per stringer

elewment were calculated from these curveg by subtracting

tne minimum and maximum possible sheet loads frowm the the-

oretical total load Just defined and dividing by 3:

P - 4P ' : - L
= —————UZ%8 = .1782nF 459 1b., for P > P,, (25)

Pst 3

The corregponding two curves are also shown in figure
40, The measgured loads per stringer element and per sheet
eleoment are geen to lie betweeon tho extreme values, Taey
scatter through a much smaller range than that correspond-
ing to the difference between the extremes. Thig fact in
itself does not necessarily indicate a weakness in
Timoshenko'!s theory. One would expact the spread in the
obgerved sheet loads to bs reduced by the method of measur-
ing stringer loads over a gage length of 2 inches, which
ls comparable to the length of.2,7 inches of a buckle; the
peagured sheet load would be an average value over a 2- . -
inch length, It will furthermore be noticed that the meas-
ured sheet loads represent averages of four sheet elements,
Tne average valuss could only reach the oxtremes if the v
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buckle patterns in the four. sheet-elements were either in
phase or 180° out of phase; figures 12 and 17 indicate that
the buckles in both specimens wetre digtributed more nearly
at random, The difference between obsgserved and theoretical
loads a2t high stresses is also probably dus in part to. the
plagtic behavior of the materlal, At failure, the average
observed sheet load was about 7 percent below the averags
calculated load and the stringer load was the same psrcent-
age above 1lt,

The theoretical values of sheset load Pg -determined
from equation (23) were used to calculate the effective
width ( 9); of the sheet as a function of the stringer
stress (10,5 X 10%e), The resulting eurves for effective
width at the buckle crest and the buckls node are shown as
curves & 1n figure 42 for comparison with the measured
values, which lie between the two curves within the obser-
vational error, . - .

In order to compute the axial medien fiber strain ¢y
along the transverse center line through bay 3 (fig. 11),
the phase .x/a ' of the buckle at this section must be
known., The phase of the buckle was not accurately known,
but it was roughly the same as for the center line through
bay 3 of specimen 8, for which it was x/a = 0,696, Sub-~
stituting . this value of x/a and the values of the con-
stants given in equations (19) in equations (18) gave the
following strain distribution along the transverse center
line through bay 3: '

-
1

-q !
€ = 10 i

S18.1 n + (n-1) (-8.16 cos/ML) + 21.5 cos® TXY) |
. . . ) Lb/s - \2b /s 1

(26)

Figure 46 shows a comparison of the strain calculated from
this expression, curve (a), with the measured strains at a
total external load of 25,000 pounds. The observed values
scatter uniformly about the thesoretical curve,

Figures 47 to 52 give the results of a comparison of
Timoshenko's theory, shown as curves (a), with the test
results on sgspecimen 6, In this case, a more complete com-
parison Was posslble than for specimen 1 because contours
and transverge strains were msagursd in addition to axial
straings., At the same time the sheet material d4id not have
an Alclad coating, so that the possibility of prematurs
yielding of the coating did not enter as a complicating
factor,
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In the determination of the length of the buckles in
this cage, the same values, that is, 2a = 2.7 inches,
seven buckles, for clamped edges y = *b, and 2a = 3.8
iinches, five buckles, for simply supported edges, are ob-
tained from.the tHeory. The measured value of the buckle
length was found to be ' o

2Qa = 2,35 1n,
(sce figs, 27 and 28) as againsgt 2,7 inches for specimen
l; thi's corresponds to elght buckles, Inspection of the
other two bays showed seven instead of eight buckles.
Asguming seven bucklés 29 for specimen 1 givés'the

following valuses for tge parameters entering equations
(15) to (18): :

b/a = 1.473, R® = 0.737, R, = 1,112, R, = 0.526 (27)
Substituting further .

E = 10.5x10° 1b./sg. in., v= 1/3, b = 2 in,,

& = 1,358 in., t = 0.025 in, ' ~(28)

for specimen 8 gives the following values for the critical
strain and . the critical load:

6oy = 1.67 x 107% (29)
Pep = 1390 1b. (30)

The meaQured buckling load wae more nearly 2,000 pounds
(fig. 52). The sheet load is, from equation (18),

P, = -97.7 - 78,0 n + 15,68 (n-1) cos IE 1p, - (31)

The maximum and minimum loads per stringer element are by
the same procedure as that used for calculating equation
(25),

P,y = -228 0 =20.8 (n-1) 1b, for P > Py (22)
wherao

n = efogp = e/1.67 x 107% (33)

The sheet load and the stringer load were calculated as a
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function of total load as for specimen 1 to give the set
of curves (a) shown in figure 41, The measured values

lie between the limiting theorstical .curves up to loads
within 12 percent of the ultimate load, At this load,
there may have been a drop in effective width due to buck-
ling of the sheet between rivets (see next paragraph}.

The effesctive wiatn corresponding to the crest and
node of the buckle wasg calculated from the theoretical
valueg of sheet load and was plotted against the stringer
stregs in figure 43 for comparison with the measured val-
ues, Tho measursd effective width lies within the wide
band defined by the two theoretical curves up to a compres-
gsive stresgs of about 3C,000 pounds per square inch, The
obgserved effective width values fall below Timoshenko's
curveg at this stress, owing to & gudden drop in effective
width at a stress of about 28,000 pounds per sguare inch,
This sudden drop is probably duwe ta the buckling of the
sheet between rivets (see fig. 39), since it was found
that the stress of 28,000 pounds per ' square inch corre-
sponded almost exactly to the buckling stress of the sheet
between rivets as calculated upon Howland'!s assumption
(reference 33) that the sheet between rivets will buckle
like an Euler column of rectangular section with clamped
ends having a thickness t egual to that of the sheet and
a loength L egual to the rivet spacing. This assumption
leads to the expression:

[ 4
- m2®e® _ 2% 30.5%10°%0,025% _ 55 3500 1v./sq.

Oer =
3 L3 3 X 10.875%2

in,

The theoretical shape of the buckle for specimen 6
is, from equations (10) and (14):

= 0, -1 oL X ]
w 0.0228 +h-1 cos D& cos Z2 in (34)

The normal displacement 'w was calculated from equation
(34) for sections x =0 and y = 0 through the crest

of & buckle and for total loads of 3,800 pounds and 10,900
pounds, The resulting values are shown in figures 27 and
28 as dotted curves for comparison with the measured val-
ues. Timoshenko's assumed contour is seen to agree ap-
proximately with the obgerved contour except near the
stringer, which exerts a restraining moment on the shest
not considered in Timoshenko'!'s thsory.

fisasureaents of the buckle contours from plaster casts
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indicated that tho transverse center line on bay 3 between
stringers R and §, on which axlal and transverse strain
distributions were measured occurred at a section

i = 0,695 relative to the crest of a buckle. Substituting

thig value of g as well as equations (27) in equations

(16) gave the following theoretical relations for the lon-
gitudinal and trangverse girain:

€, = 10"% 1-1,68 n + (n-1)X

L

N

Ty ;
-0,788 cog —— + 2.74 cos?
- 2b

w3

ol
NS

e

- ' ( (35)
€y = 10~%* | 0.519 .+ 0.041 n + (n-1) x.
. : L \ )

_ | , ;
X <0.201 cos %? + C.337 sin2® T >'
. !

le

/

Figures 47 and 48 show as curves (a) the axial gtrains

€, calculated from equations (35) for loads of P = 5,800

and 10,900 pounds for comparison with the measured strainsg
@hich are shown as points, The meoasured values are found
to scatter about the calculated curves. :

The transverse strain for the 10,900-pound load is
shown as curve (a) in figure 49, togz ethor with the meas-
ured valuesg of strain over a l-inch gage length ag record-
od in figure 20, The theoretical curve does not describe
tho measgured strain at all; even the sign of the strain
is opposite to that meagured at the center of the bay.

The discrepancy may be traced principally to the use by
Timoshenko of an arbitrary though mathematlically convenient
as§umption for the transverseo dlsplacement v (equation

12 o

The distribution of axial stress across the sheet was
calculated for the trangverse center line by substituting
the strains given by equationq(SB) in the plane stress
equationg (17). Figure 50 shows:the resulting values for
a load of 6,800 pounds as curves (a), together with corre-
sponding values for the stresg distributlion along a trans-
verge section through the crest of a buckle and through
the nogde of a buckle, The stresses calculated from the
obgerved strains are shown as open points for comparlison,
The points represent single measurements of stress except
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for the stresses at the axial center line, which were av-
eragesg. of readings over a l-inch gage length on threo
buckles, A similar set of stregss-distribution curves for
a load of lO 900 pounds is shown in figure 51.

The observed points scatter about the theoretical
curves, They do not confirm the large variation in stress
distribution in going from buckle node to buckle crest
tnat follows from Timoshenlo's theory. The points are too
few in number to give a satisfactory check of the theory.
It is hard to believe, however, that the actual streges-
distribution curve would fall off as rapidly as curve. (a)
for a section through a buckle crest and that it would
rise to a maximum away from the stringer edge for a sec-
tion through a buckle:nods,.

The axial and transverse strosses at the crest of a
buckle were calculated to be

i

g_(0,0) -1580 - 188 n 1v,/sq. in.;
. X . . "
(38)

_ - b-}.'r(o.,'o) = 4::1‘0(11-1) 1b./sq. in, - {

Those stresses aro plotted asg curves (a) in figure B2 with
measured -valuocs of the stresses shown for comparison, It
is interesting t¢ note that tnehsasured trangverse tensile
stress is creater in magnitude than the axial compressive
stress for total-loads greater than 5,400 pounds, Curves
(2) deviate increasingly from the measured stresseg for
loadg greater than 4,000 pounds. The calculated axial
stress increases With increasing load, while the observed
axial strcss decrceasges and actually becomes zero at a load
of 12,000 pounds, The measgured transverse stress tends
toward a constant valué at high loads while it increases
linearly according to the theory.

J. ¥, Frankland's theory.- An approximate theoretical
‘"solution for the stress digtribution in the buckled gheset
of a sheet-stringer panel under end compression has been
worked out by J. #€., Frankland of the Bureau of Aeronautics.
Frankland's solution differs from Timoshenko's in eassuming
initially only a normal displacesent w, which is approx-
imated by the series

: ETTX oy
W =1t & A. C08 = CO8 —= 37
mp iR 2a 2 (37)
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without 'making any assumptionsg relative to the other two
iisplacements u and v, The contour defined by eguation
(37) satisfies the assumed end conditions of zero bending
moment and zero normal disgplacement at the edgee =x = =za,
¥y = b of the buckle, The median fiber gtresseg are de-
termined from equation (37) to give the required force re-
sultants in the plane of the plate and to maintain the
originally rectangular portion of plate Za by 2b rectangu-
lar after buckling by making use of von Karman's differeon-
tial equationg linking the bending stresses due to buck~
ling with the median surface stresses (reference 32, p.
349). The coefficients Ap, -entering in the resultlng

expreésions are finally determined by the principle of
leagt work,.

Carrying out this calculation for a buckle shape with
four unknown coefficients All, 13 ASI, Ass showed an

appreciable varlation between the plate load at the crest
and that at a node. Such-a condition would necessitate
shears between the plate and the stringer that had not
been congidered in tho expression for the gtrain enecrgy.

In order to include thege ghears in the e xpregsion
for the total energy stored in the panel, a further analy-
sig was made by J, M, Frankland. This analysis was car-
ried to a numerical conclusion for the special case of a
square sinusoidal buckle pattern described by

W o= A g JIX_ I . 3
cosg = cos o . (38)

with the following results for the stress distribution:

g AN~ 1 ]W

Ox = 0g A= =———= (r'+ cos 2 qy) + 0,341 £f" cos 2 gx
L + r ' J
A -1 - . S
gy = -0g <l — + O.34l-f) cos .2 qx p > (39)

T = 05(0.341.£' sin 2 gx)
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where . 5 . e
-1 . Bt S . s
Te = is the critical stresgs for dbuck-
12 b (l - v3)

C e

1in~ of sheet into rectangular lobes (40)
A, load parameter (A=.1, 0 = 0p)

Age/2 bt g - :
T = e ' :e—, relative reinforcement by stringer
1+ (Ast/z bt)

Aat _ stringer area
2 bt plate area

i tH
o= =

2 &  buckle length

a = b
The coefficientg £, <£t, £t in équation (39) are given by
b
N - 17 cosh Zay sinh 20y
0.341lf =k - | 2,603 — - 20T ]
14+t e /2 - /2
Aol inh 2qy cosh 20y ] .
0,341f!' = k 1.603 2 ShAN 20y SRR =Wy L (41)
1+rt e™/2 e /2
AN~ 1T cosh 2 sinh 20y |
0.3418" = k 0.608 o S8 ooy 2222 OV
l1+rt o' /2 /2 -
. o 4
where
VA i/(20%)
X = st . (42)
2 '+ nkS - ) EEE
1 + v 2bt

and v 1s Polssont's ratio.

FPrankland derived the following expressiong for the strlng—
er load and the sheet load in his second analysis:
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)

k
! (N = 1) (1 + 0,490 — cos 2qx)]
1 +r T

v}
il

. 5(43)
2 bt ob[x - (A= 1) (1 4+ 0,490 ?T cos 2ax)j
l +r

Bouations (43) were applled to calculate the plate
loads and stringer loads for gpecimens 1 and 6 by substi-
tuting (20) and (28) in equations (43), The results for
sections through the crest and the node of a duckle (x = O,
z = a) are ghown ag curves (b) in figures 40 and 41 for
comparison with the obgerved results and the resultsg of
Timoshenko's approximate thoory, Satigfactory agresment
with the obgerved valueg for specimen 1 was obtained up to
loadg within 20 percent of the load at faillure, The ob-
served sheet loads for specimen 6 were about 10 percent be-
low the theoretical loads. There was much less variation
in the theoretical stringer load along a buckle than for
Timoshenko'sg theory.

The effective width of the gheet for both specimens
was calculated from eguations (43) as a function of string-
or gtress using the. samo procedure as already outlined for
a similar comparison with Timoshenko's theory. The result-
ing values, which are shown as curves (b) in figures 42 and
43 are gseen to give an approximate description of the ef-
fective width for the specimenq with the 0,070-inch sheet
(fig. 42), whereas they give high values for the effective
width of the other gpecimens (fig, 43) for stringer stressos
in excesgs of 15,000 pounds per square inch,

A direct comparison with the measured strain distri-
bution was obtalned by converting the first two equations
(29) into strain equations with the help of Hooke'ls 1aw
for plane stress;

-. Vo (44)

and then gubgtituting the numerical values
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(20) and (28) for the twp. specimens., The resulting
strain distributions are compared in figures 46 to 49 with
the observed values and with those given by Timoshenko's
theory., The calculated axial gtrain distribution agrees
as well with the observed values as Timoshenko's theory
and it has the added advantagse of not leading to & maximunm
straln away from the stringer edge. The transversge gtrain
(fig. 49) agrees very much better with the observed values
than for Timoshenkofs theory, probably because no arbitrary
assumption has been made for the transverse displacement w.

Stresg distributions across the sheet according to
Frankland's theory werse calculated from sguations (39) and
were plotted as curves (b) in figures 50 and B51. The
curves agree with the meagured points somewhat better than
do Tiuwoshenko's curves (a). The stress distribution
changes only slightly in going from node to crest and there
ig no stress-uaxisagw away from the stringer edge, asg for
Timoshenkol!s theory.

The axial and transversge stresses at the crest of a
buckle were calculated as & function of total load and
were plotted as curves (b) in figure 52 for comparison
with the observed values, The agreement with the measured
axial stresses ls better than for Timoshenko'!s theory, es-
..pecially at high values of the load, but that for the
transverse stresses 1s not so good, .

The following value was obtained by Frankland for the
anplitude At of the dbuckle:.

-1
1 +r

At = 1.71% (45)

. The sine curve of this amplitude is compared in fig-
ures 27 and 28 with 'the deflection curves observed on
specimen 6 and wlth the curve calculated from Timoshenko'l's
theory, The curves given by Timoshenko's theory are seen
to come. considerably cloger to the obgserved deflections
than those given by Frankland's theory.

K, Marguerre's theorv.r X, Marguerre has recently
published the results of a number of different attacks on
the problem of determining the stress distribution and ef-
fective width for a long sheet with supported edges that
has buckled into .a series of sqguare buckles (reference 23),

He first considers the stress distribution for the
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square sinusoidal bduckle also considered by Frankland and
proceeds to a solutlon in a-.manner gquite analogous to that
uged by Prankland in hig first solutien, which neglscts

the shears betwoen the sheot and the stringer

In a second attack on'the problem (see also reference
24), Marguerre &ssumes & somewhat mors complicated shape
for the square dbucklse than the sinusoidal shape assumed by
boeth Timoshenko and Frankland in. their numerical examples,
namely:

: 3
w = (fl cos 1-21%_— f, cos —2%‘1>cos g-f (46)

He calculates f; and fz; by the energy method combined

with the assumption that the shearing stresses along the
lateral edges of the sheot are zero, The reosults of this
calculation give only a slight ‘correction to the results )
of the gsame calculation for the sinusoidal square buckle *

<f.3 = O)

Marguerre's third attack proceeds from the observation
that neither equation (38) nor (46) 1s a good description
for the contour of a seversely buckled shect, In a gseverely
buckled sheet, most of the load will bo carried by the
sheet close to the edgos and this portion of the sheet will
develop local buckles that are superposed on the main gquare
buckles having & half wave length equal to the gtringer
spacing., o

A contour that would describs a state of buckling with
small buckles having one-third the wave length of the main
buckles would be :

w=f, cos %5 cos %Z - £, coOs %gf'(ﬁbs gz .- m cos i?y> (47)
& a a '~ a - a

The ratio ¥£3/f, will then meaéure the relative intensity
of the small buckles near the edge,: The pParameter T meas-~
gures the increase in amplituds of the small buckles in
passing from the center of the sheset to the edge, For mn =
0, the gmell buckles have a maximum amplitude.at the cen-
ter 0f the sheet and, for m = 1, 'they have zero amplitude
" at the center of the sheot and ‘maximum amplitude near the
edgo., Marguerre assumes ‘1 = 1/2 -in his 'numerical work in
order to reduce the number of unknown paramétors from three
to two, A further simplification ig obtained by Marguerre
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in his numericel example by taking Poisson's ratio v = 0O,
Thig somewhat arbitrary assumption, togethsr with the as-
sumptions of zero ghear stress.and zero roesultant trans-
verse force along the lateral edges of the sheet, leads to
the following relation: for the average axial stress C
‘carried by the sheet: : . . .

_ H a-"
g~ Ocr E(4:-6§+8§
s = 5 S . - " ) (43)
& - ecp "4 -~ 3¢ + 26.5¢
where
Ocr 1is the axial stress for buckling of the sheet

€cp, axial strain for buckling of the shest
e, axial gtrain (stringer-strain)
E, Young's modulus
t=1, /2

The ratio { may be eliminated by a second relation:

2 l
8 -~ €cr - 11.25 4 - 3t+28.5 ¢ \ (29)
e. - 4,02e

X cr 26.5-% + 350 CE/

In addition to his approximate calculation, Marguerre czar-
ried out a more "exact" calculation proceeding by his first
method of attack (similar to that used by Frankland) and
assuming the contour given by equation (47) with M = 1/2.
Unfortunately, he gives only the regsult for the expressions
replacing equations (48) and (49), which were found to be
independent of the value of vV and equal to

0 - Ger

g ,4 -~ 6¢ + 18,6¢3
6 ~ oop 5(4 -~ B¢ + 31.8§2>
( (50

e - ecp 4 - 3¢+ 31.8¢%

11, zs(
e, = 4.02e., 31.8 - 1/t + 350¢°7
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It will be noticed that equations (48) and (49) agree with
equation (B0) for small values of the relative amplltude
f, /fy, of the local buckle,

The sheetwLQad may be calculated fronm thelpreceding
formulas by multiplying the average longitudinal stress G
by the sheet brea 2 at:

P, = 22t @ S (51)

The amplitude f; in equation (47) may be calculated
by substituting the value of f calculated for a given
compressive strain e from equations (48) and (49) in
Marguerre's expression '

' a a2
£
8 - ogp = “64;2 (4 -3¢+ 26,5¢(3) (52)

Knowing £,, {, and m, one can calculate the dbuckle

shape from equation (4%7) and the axial and transverse
stresses from HMarguerre's approxiuate expressionsg

BEn2f, 2 32af e ny
—— - + 1 4+ cos <;7>

C X
328 ﬁaflg
2Ty 3y N\
+ 9§8 (i.25 - co8 —— + 0.25 cos ——— \' (53)
N a a 7/
and
Ll x . 2mx
Oy = —2t_ Jcos L. 2¢ (;os Tz + Cos ~—-¥
3za? L & D a ’/
. . 1
4+ ¢B (3.25 cos SI x>| (54)
v J

The axial stregses-are independent of the coordinates
x along the buckle (fig. 44), because of the assimption
v = 0, It follows that the shest load and the ‘effective
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width &6 not vary: alonn-the buckle as they do according
t7 the theories of Timcshenko and of Frankland with v =
1/3.

Equations (48) to (50) .were applied to calculate the
sheét and etringer loads for specimens 1 and 8 by substi~
tuting values of B, &a =b; and t from (20) and (28),
The gquantity Eecr. was ﬁaken as the ¢ritical stress o,

used in Franklsnd's theory ‘(oquation ‘40) with v = i/3.
The results for both the approximate relations (48) and
(49) and the more ”exact"'relation (50) came very closge
to sach other for sgpecimen 1 (fig, 40, curves (c), . (a)).,
There was a small différencse between the two curves for
specimen 6 (fig. 41, curvés (c) and (d)) 'The calculated
loads given by curvés (c) and (d) dare seen to agree with
the measured values practically up to failure.

The effective width'df ﬁhé sheet of specimens 1 and
8 was calculated from thesse curves uging the procedure al-
ready outlined. The resultlng curves are shown as curves
(¢) and (d) im figure 42 and 43, The agreement with the
measured effective width is good up to a stringer stress
of about 30,000 pounds per squareé inch, It is better than
that for the other two theories, curves (a) and (b), in
the case of specimen 6. Marguerre's "exact" theory (curve
(d)) describes the observations more closely in this case
than the approximate theory, curve (c).

.The theoretical distrlbution of strain across the
sheot of specimen 1 and specimeén 6 was calculated by divia-
ing Marguerre's approximate’ expression (53) and (54) for
the stress by Young'!s modulus E = 10,5 X 106, which gave
the curves (c) shown in figures .45.t0 49. The calculated
distributions of ax1al and transverse stralns agree less
satisfactorily with the observsed ‘values than the curves
calculated from either Timoshenko's or Franklandls theory.
The transverse straln distribution along the center line
of specimen 6 at a load 6f 0,900 pounds (curve(c), fig.
49) differs radically from the .observed strain distridu-
tion, This discrepancy me.y be explainod by the differcnce
betwoen the buckle shape ' (47) assumod by Marguerre and the
measured buckle shapc. .

Curve (c) in figures'27 and 28 shows sections through
Marguerre's buckle for loads of 6,800 and 10,900 pounds
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for comparison with the observed values and the results of
the other two theories, The axilal section of the dbuckle
comeg somewhat cloger to the observed values than the
buckle according to Frankland's theory but is not nearly
so close as that according to Timoshenko'!s theory., The
transverse section of the assumed dbuckle differs more rad-
ically from the observed buckle .shape than either Frank-
landt's or Timoshenko's theory, particularly for the higher
load of 10,900 pounds. Marguerre'!s choice of contour
(equation (47)) is apparently .not suited to describing the
buckles in the sheet between mtringers, It takes no ac-
count of the torslonal rigidity of the stringers and ac-
tually increases the ‘slope of the deflection curve near the
gstringer instead of lessening it, .The amplitude of the
short wave-length buckles is also too large, especially at
the higher load,

The axial stress distributions for specimen & at a
load of 6,800 pounde and at a load of 10,3800 pounds are
shown as curves (c¢) in figures 50 and B1, At the 6,800~
pound load, the curves (c) agree with curves (a) and (D)
taken from Timoshenko's theory and from Frankland'ls theory,
at least within the scatter of the measured points., At
the 10,900-pound load, Marguerre's theory gives a more
nearly constant stress in the center of the sheet than
either the points or the other two theoriss,

Curves (c¢) in figure 52 compare the thooretical axial
and transverso stresses at a buckle crest of specimen 6
with obgerved values and values taken from Timoshenko's
and from Frankland's theory. HMarguerre's theory gives re-
sults approaching those of Frankland's theory up to a load
of about 4,000 pounds, Above 8,000 pounds, Marguerre's
curve for axlal stress deviatesg increasingly from the ob-
served values while that for transverse stress approaches
the measured stresses,

Formulas for effective width.- The load carried by

tne shegt of a sheeot-stringer panel under end compression
may be computed by considering the width of the sheet he-
tween stringers to be reduced by buckling to.an effective
width carrying a uniform stress equal to the stress at the
stringer edge of the shset, The effective width will then
depend on the stress in the shoet, the dimenslions of the
shest, the condition of restraint at the gtringer edges,
and the gtress~strain curve of the material, The effective
width, w, is upon this definition given by the simple re-
lation
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w =‘i§ (55)
to
where Py ig the sheet load .
&, the thicknoss of the sheet
and o, the compréésivélstress-éf the eiges .of the

sheet

It w1ll be noted that this definition of effective
width coincides with the definition given by equation (9)
only for the special case that the stringer stress and the
stress at the stringer edge of the sheet are identical,

It appears, fortunately, from a comparison of figures 42
and 43, derived by the use of eguation (9) with figure 55,
which was derived from eguation (55), that the two defini-
tions of effective width led to practically the same re-
sult in the present sheet-stringer panels, It seemed
preferable for a general discusslion of effective width to
adhere to equation (55) because of its independence of the
stringers, . -

The ul{imate-shéetzloéd Py1g for a -sheet with simply
gsupported edges would correspond to an edge stress c equal
to the yield strength in compression Oy.p

Von Karmén (reference 5) hasg proposed the following formula
for this load:

Puig = 0t" VE Oy C

which gives for the effective width corresponding to the
ultimate sheet load

Tp. = Ct./E/gy_P. (56)

The value of the constant C will' depend on the condition
of restraint of the sheet at the stringer edges., Von Karman
has derived the limiting values C = 1.24 and 1.90 for a
sheet with supported edges of material having Vv = 0,3,
Sechler hag empirically obtained a relation betwesen C and
the ratio
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t ——— . .
A= ——A/E7Gy.p' ' (57)

2a

where 2 a 1is the width of the sheet, according to which
¢ drops from about 2 for A = 0,05 to about 0.7 for A =
1.0 (reference 9)., A 'value of C = 1,7 1is widely used
for sheet-stringer panels of typical designs and falls be-
tween von Xarmdn's limiting values of 1.24 and 1,90,

Although von Xdrmldn's equation and Sechler's empiri-
cal curve wero derived specifically for deternining the
ultimate load of the sheet in sheset-strianger combinatlons,
they havo been used by deslgners to estimate the load car-
ried by the sheet for edge stresses o logs than the
yield strength of the material, The variation of effoctive
width with edge stross would then be given by

w = Ct 3/017- . (58)

It is convenient for purposes of comparison to reduce
equation (58) to & dimensionlegs form as follows, Let
Ocr Dbe the stringer gtress at which buckling of the sheet

beging. Up to this stress, the effective width will be
squal to the full width 2a of the sheet:

2a = 0t J/E/ogr _'(59)

Solving for C and substituting in egnation (58) gives
for the relative effective width the gimple relation

w cr )
2a W/ o _ - (80)

The relative effective width gilven by this equation de-
pends only on the ratio of the stringer gtress to the
critical stress.

Instoad of using 0/0,, as independent variabdlo, one
may use the straln ratio e/ecr as long as the gtresses
are within the range of validity of Hooke's law, Beyond
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this range, the edge stress can be computed approximately
from the known edge straln, vhich is equal to the stringer
strain, provided that the compression stress-strain curve
of the gheet material is known., In the present instance
it was not possible, unfortunately, to obftain undeformed
coupons for determining the compressive properties of the
gsheet of gspecimens 1 and 6. OCompression stress-strain
curves had, however, been obtained at the National Bureau
of Standards by the pack method on specimens of 0,064-1inch
24ST Alclad sheet loaded in the direction of rolling (fig-
ure 53) and on Q,032-inch 248T shect loaded in the direc-
tion of rolling (fig, 54), It secmed permissible to de-
scribe the compresslive properties of the sheet material by
these gtress-strain curves at least for an approximate
analysis, It should be noted in thig connection that the
direction of rolling coincided with the direction of the
load in specimens 1 and 3,

. : "
Tigure 55 shows as curve (a) a plot of 5o from
a

equation (80) against ratie g/ocr. The individual points

"shown in figure 55 were calculated from the test results

on specimens L and 6 as plotted in figures 42 and 43, The
stregs~strain curve (fig. 4) of the stringer material and
the stress-strain curves (figs. 53 ahd 54) of sheet material
similar to the sheet material in the specimens were used

to calculate the edge stress in the sheet from the stringer
stress and from the assumption that stringer strain amrd
adze strain were 1dentica1

The critical edge stress ' Tep 'was calculated upon two

agsumptions, The circular points were plotted by choosing
0oy @as egual to the value for a long, rectangular plate

with supported edges:

O-CI‘ =

(f_

which gives, with B = 10,5 X 10° lb./sq. in., v = 1/3,
and 2a = 4 in,, the following values for gpecimen 1 (%t =
0,070 in.)

Oer = 11,900 1b./sqg. in,
and for specimen 5 (t = 0,025 in.)

ey = 1,520 1b,/sqg. in,
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The crosses in figure 55 were calculated- by chooslng for
" Ogp the observed critical stresgses -

Ogr = 13,000 1b./sq. in,
for specimen 1 (fig. 42) and

Ocp = 2,500 1b./sq. in,

for specimen 6 (fig. 52). .

In the case of the speclimeh.with the heavy sheet, the
buckling stress was about & percent greater than for sup-
ported edges; whils, in the case of the thin-sheset spoci-
men, i1t was about 64 percgnt greater Reg! .azonrent of the
anproxiaate critical stregs calculated from ecuatlon (=1)
(circular points) by the observed critical stress (crossed
points) throws the pointsfor both specimens about a common
curve excepting those points where the yielding of the
sheet is appreciable. : .

Von Karman's formula is seen to be on the conserva-
tive side by as much as 25 tc 35 percent in the case of
the thin-sheet specimen., It agrees" satisfactorlly with
the observed values for- specimen l

A somewhat better agrsement'W1th the .observed results
is to be expected if von Karman's constant C is varied
in accordance with Sechler'!s curve, In order to verify
tihhilig aggumption, 1t is necessary to convert Sechler's curve
of C = f(\) to the variableg ghown in figure 55 by re-

defining A . as .
t/i‘ : et o '
NTm T (62)

wﬁere ¢ 1g¢ the edgs stresst"wﬂigﬁ'may be below the yield
strength of the material, The two definitions of A (equa-

tions (57) and, (62)) coincide for o = Sy.p.* Taking Cep

as equal to. the value given by equation (61l) for a long
rectangular gheet with gupported edges gives

o L o , .
A = 0.520 /—;— ’ (63)
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Substituting this value of A in-eguation (59), which,
with equation (62), mey be written as . . . :

L SR AC(A) : o . (64)
. 28- ' ’ W e . R
gives curve (b) in figure 55. Tae .effective width, accord-

ing to thisg formula, is even less than for Von Karman'
formuls, It 1is on the.conservative side by as much asg 35
to B0 percent for speclimen 8,

" Recently Sechlsr has proposed the following formu-
la for the effective width of the sheet in 'a shest-stringer
panel (reference 30),.

T = 0,80 + 1.81 A% (65)

Substituting equétion (63), equétion {(65) bocomes

v ' Crnp ‘
' JL.= 0.50 + 6,50 —CX- . - (85)
2a .. 0- t . . .

A plot of equation (866) is shown as curve (c) in figure 55,
It is seen %o err on the unconsgervative sgide for high ra-
tios Uﬁvcr by as much ag 35 to 40 percent in the case of

specimen &,

H. L, Cox (reference 7) obtained an approximation to
the effective width of sheet under edge compression by con-
sidering the sheet as made up of a set of column ‘strips
whose axes were parallel’ to the load and calculating the
load distribution over these columns for a given value of
the compression at the ends and an assumed buckle contour.
Choosing the buckle contour to give simple support at the
stringer edges gave a curve that.could be approximated dy

- W . . . . .. o_cr .;' Ec‘r O'.cr> S . .I .
5:-—_ Q.-.OQ + 0.89 /—;—(IDI’ 6—0' o (87)

and chooging it for clémping at.the:stringer.edges gave a
curve that could be approximated by
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w ‘ ' Ter - €er er o .
- = 0,14 + 0,85 f == CEOT e = . (68)
ca o € o
The corresponding curves are shown as (h) and (i) in fig-
ure 55, The curve (i) for clampod edges agreocs satigfac-

torily with the crossed points which are basocd on the ob-
‘soerved critical stress, Both curves (h) and (i) are gon-
erally on.the congsrvative side of the circular points
baged on the critical stress for supported edges. -

A better fit to the cireular points for gpecimen 6 is
obtained by the following modification of Gox’s formula
used by Marguerre (reference 23);

w ‘5
—_ = 0,1 0.81 /==LL
" 9 + / o (69)

Equation (69) is shown as curve (d) in figure 55,

An independent calculation of the effective width of
buckled sheet has been made by Marguerre (see previous '
section), who arrived at curves (o) and (g) on the basgisg
of the relations (48) to (50) given in the previous sec-
tion, iHarguerre noticed that the curve (e) could be
closely approximated by the gimple relation

=/ (79
_‘whlch is shown as curve (f) in figure 55, OCurve (e) is

seen to approximate the circular points for specimen. 6
more closely than any of the other curves, Marguerre's
"exact!" formula (curve (e)) holds for the circular points
of both gpecimens up to vaelues of o = 30,000 pounds per
square inch (0/0,, = 2.5 for specimen 1, of/og, = 19,7 .

for specimen 8)-at which ylelding becomss appreCiable for
the 0,070-inch Alclad sheet of speciluwen 1 and at which the
0.025-inch sheet of specimen & aas probadbly buckled between
rivets. Equation (70) describes the measured effective
width for both specimens up to an edge stress of about
30,000 pounds per square inch within 10 percent provided

that o,. 1is taken from equation (s1) as the buckling

gtress for supported edges. Upon thig basié;“eqﬁation”
(70) may be written in the form
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wae=1.56¢ 722 © - {70a)
. ? =3

Equation (70a) describes the effective width up to failure
of specimens 1 and .6 within 12 percent while von Karman'p
well-known formula (curve (a)), wihich is upon the same

basgis
. E : *
w = 1,92 tv/d; (70D)

is about 35 percent low for specimen 6 near failure,

The best description of the bbsefved‘effective widths
baged on the actual critical stress is that of curve (i),
correspondling to Cox's formula for sheet with clamped
edges, .

Deformation of Stringers

In the computation of the actual strength of a sheet-
gstringer panel, it is not sufficient %o know the load car-
ried by the gsheet as a functlion of the stringer stress and
then to let the ultimate load of the panel be that for
which the strlnger gstress attaing the yield strength of
the stringer material., This assumption would lead to re-
sults. on the unconservative side in all those cases in
which the shest-stringer combination fails by instablility
of the stringers. It 1s. not possible with the present de-
velopmeént of the theory to compute the buckling load of a
sheet-gtringer panel, even within the elagtic range., The
buckling load will be an exceedingly complicated function
of the dimensions and elastic properties of the sheet and
the method of attachment of the sheet to the stringers.

Timoshenko (reference 19, p. 371) has considered the
buckling load of a sheet-stringer panel, where the failure
of both .sheet and stringer is simultaneous and where the '
stringers fail Dby bending without twieting. In the present
panels, the sheet buckles 1ong.before the ultimate load of
the panel has been reached. Also, the displacements of
pointers attached to the strlngers (figs.: 31 and 36) in-
dicated a rapidly increasing twist of the stringers with
increasing stringer loads, It was concluded that,
Timoshenko's theory could not be oxpected to give an ade-
quate description of the strength of the sheet-stringer
panels tested,
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A method of attack that takes account of the twisting
of the stringer by the sheet is outlined by Lundquist and
Fligg (reference 35, p., 12), ULundguist and Fligg confined
themselves to stringers with 2 gymmetrlical section, They
carried their calculations through for a numerical example
in which it was required to find the strength of a sheset-
stringer panel congisting of I-type stringers fastened to
0,025~inch sheet, The Z-type stringers used in the presernt
specimens are not gymmetrical and their buckling stroength
could not be computed by this theory. The torsional insta-
bility of asymmetrical stringers has been investigated by
Robert Kappus in a recont article (reference 36), Kappus
did not consider the effect of sheet on the gtability of
hig gtringers, No attempt wag made to extend his theory
so as to include thig effect.

The theories for the buckling strength of sheet-
stringer panelg become of increasingly doubtful applica-
tion ag the stresses in the gtringer and in the shest
cease to be proportional to the gstrains, Thisg will be the
cage in practically all well-designed sheet-gtringer pan-
els in which the strength of the materiagl is utilized to
carry the load appreciaebly beyond the elagtic range.

Several relations have been proposed for reducing -
the elasgtic modulusg to take care of the beginning of
yielding of the material (reference 19, p. 384; reference
35, p. 15). Unfortunately, too little 1s known of +the
yielding of material under combined stress to make any of
thege relations acceptable without the gupport of an ex-
tengive geries of tests, The present tests.on only two
specimens would not suffice to give a ugeful comparison
with any of the theoretical extrapolations into the plas-
tic range., - : o

APPLICATION OF SOUTHWELL'S METHOD TO STRINGER DEFORMATION

In the abgence of an adequate theory for the buckling
failure of & stringer in a sheéeét-stringer combination, the
analysis of the measured deformations of the stringers was
confined to.an application of Southwell's method of deter-
mining the elagtic buckling load of a column from deflection
readings at low loads (reference 37). -Southwell noticed
that a gtraight line. should be obhtainéd by plotting observed
deflections §. of an initially slightly bent column against
§/F whon the obgerved loads P -wers not high wenough to
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produce. stresses beyond the elagtic limit,. . The line would
have tae equation : . :

P (71)

Cterig.

r') o
1
o»

I
)
I
(@]

Its slope would adual the’ critical buckling load Pcr’ ‘and

the intercept on the axis of & would be the initial de-
flection a. H., R. Fisher has shown (reference 38) that
Southwell's method of plotting will give. nearly:correct
values of the critical load for members. of constant section
subjected to certain comblnations of axial and transverse
loads. C e e S S

H. J. Gough and A Oox (reference 39) have applied
Southwellls method of. plottinv to. .determine the critical
buckling load of. sheet . stregssd by ahearing forces S act-
ing in the plane of the sheet, In place:of plotting §/P
against &, they plotted w/S againgt. W, where w .was

‘the measgured amplitude of the wrinkles and S was the
shear stress. They 6bteined agréement within a few percent

with the’ theoretical bucklina shear fsc£” although in this

case at least, there ‘was no proof given ‘that Southwell'sg
method of plotting would ‘result in the . correct buckling
load. . In view of this success, . it ‘seemed of interest to
apply the method to. the analysls .of the mqasured deforma-~
tion of the stringers of ‘specimens 1l gnd 6. ’

Two types of reading were'available for the deformation
of the stringer as a.bent column, that 1s, the strains read
with Tuckerman optical .strain gages mounted .on.the stringer
flange (figs. 12 and 17) and the readings of pointer dis-
placement indicating rotation about the Y. axis (figs. 32 and
37) Tw1st1ng deformation of the stringer about the =x &xis
was measure& by means of, pointers only . (figsr 31 and 36).

If a zeraq error exists in tns observed deflections, or
deformations,.a plot .0f, &8 against. - 8/P will not lie. on a
straight line,  If a straight line is to. be obtained the
deflection &8 .must . bg dus ta. the load alone.. In general
& zero correction &, must be applied to .the indicated de-
formation &,, so that’

L m by e el (72)

actually represents the deforumations leading to the final
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failure, The. zero'cbrrection was determined in-the present
case to give an optimum fit to Southwell's relation (71) by
guccessive gubstitutions of eguation (72) in eguation (71),.

A much more direct method of fPeeing Southwell's meth-
od from errors due to the unknown zero correction has been
suggested by Lundquist (reference 40), Lundquist noticed
that equation (71) could be wiitten in the form

b S'I'(ch - P')--'-. '({_3' + a'.)_' ' (73)

5'#6":

F - P!

wnere & 1s the deformation corresponding to a load P
and &' 1ig the deformation corresponding to an initial
load” P!,  Hence a straight Iline results if thé difference
in deformation is plotted againrt the ratio of aif ference
"in deformation to difference in load, "The slope of the
straignt line will give the difference between the desired
elastic bucklinz load P and ths 1nit1a1 load P" the

intercept gives the sum of the unknown deformation 51 . a

the initial load and the initial deflection -a, By tak1ng
the initial load P! sufficiently high, one avoids the dis-
turbing effects of initial alinements, buckling of thin. '
sheet, etc, Lundquist's method will lead to the same an—
gswor as the method of successive approximation used iz the
computations ‘given in this report, It is also more coiven-
iont to use and -would have been used for the presaent paper
if it had been discovered earlier,

A ldrge number of curves of deformatloﬁ'agaiﬁst de- .
formation over load were plotted from the observed.strain.
readings and the Odbgerved podinter displacenents using the
method of successive approximations. It was found from
the plots that for largs deformatlons, the points snowed
an irregular behavior 'and also a largd scatter in somé
cases although in most cases the points tended to scatter
‘about a straight line, Some of the irregulariticecsg were
probably due to the initial adjustments of the structure
to-the load, and others to buckling at low loads of the
sheet; most of the scatter could be ascribod to inaccurac1es
in tne reading of ‘the deformationsg,

A few of tne plots showed a small scattor and there-
fore 'led to an accurate valuc of the slope, These curves
are shown 1nfiruros 56 to 59

Figure 60 shows a similar plot for the tw1st1nv defor-
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mation of ‘the 5-inch stringer specimen.tested as & sghort
column (fig, 3). The twist was determined by using a
Tuckerman autocollimator to measure the angular digplace-
ment of a stellite mirror glued to the-Z bar,

The solld pointg shown in figurecsg 58 to 60 wereo taken
from deformation readings at loads within 10 percent of
the ultimate load, These points seem to follow Southwelllg
relation as well as the.opon points, which correspond to
loads less.than 90 percent of the ultimate load, It seoms
advisable to read deformationgs.up to .loads within nearly 10
percent of the ultimate load to obtaln s sufficient number
of points for a Southwell plot.,

The Southwell method could not be npplied to the buck-
ling ¢l the sheet bPetween stringers, as measured by the
bending strein in the sheet, because of the lack of obser-
vations below the bduckling load

The elastic buckling loads caloulated from figures 56
to 60 are compared with the obgerved bduckling loads .in
table IV, The comparigon showeg a close agreement betwsen
the observed -ultimate load for specimen 1 and the elagtic
buckling loads for both column faillure and for torsional
instability as calculated from the pointer readings, The
pointer readings indicate that the actual faitlure was ons
where bending and twist were combined in the deformation
leading to failure. ; .

Figure 56 ghowg a Southwsell plot of bending strain as
meagured by Tuckerman .strain .gages in addition to the plots
of pointer readings. It was lmpossible to bring all the
strain readings to :scatter about a common siraight lins,
The curve includes two approximately straight line portions,
however, one for relatively low loads indicating an elasgtic
buckling load of 48,800 pounds -and another close to failurs
indicating the correct buckling load of 35,500 pounds. A
Southwell plot that would have included only readings on
the first straight-1line range‘would obviougly have led to
the wroang answer, The Southwell method must, therefore, be
used with .caution; a sufficiliently large-number of ohservod
deformations mast be plotted to ostablisgh .the exigtence .of
a linear relation between § and B/P over a. large range
of deformatlons, - . :

In the case of specimen 6, the observed ultimate load
agrees well with the calculated critical load for bsnding
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failure but is about 8 percent less than the calcéculated
load for twisting failure, This differcncc is too small
to indicate that buckling failure must have occurred in
preference to twigting fallure, It is likely that the
final failure of specimong 1 and & both wag due to a de-
formation in which the strlngers were simultanoously bent
and twisted.

In the mse of the 5-inch, short-column specimen, a
good, gtraight line was obtained only for the twist, with
a slope of 6,400 pounds, which was in close agreement with
the obgerved ultimate load of 5,300 pounds, '

The last column of table IV ligts tho stringser stress
corresponding to the slastic buckling load, which was ob-
tained by extrapolating the experimental curves of stringer
load 1n figures 40 and 41 to an ecxternal load equal to the
alagtic buckling load, Comparison with figure 4 showg that
the stringer stress for elastlic buckling lieg well beyond
the elastic portion of -the stress-strain curve 'in most
cases, In the case of the 5-inch Z bar, which failed by
twisting, it is actually 20 percent above the compressive
vield strength of the material; it may be concluded that
the gection retained its torsional rigidity under strosses
produolng plasgtic ylelding in compression. '

OWCLUSIONS

The deformation of two sheet-stringer panels subjected
to end compréssion under carefully controlled end conditions
(ends ‘cast in Wood's metal, sides simply supported) was
meagured at a number of points and at & number of loads,
most of them above the -load &t which the sheeot had begun to
buckle, * The two paneols were identical except for the sheet,
which was 0,070-inch 24ST Alclad for the first panel, de-
signated as specimen 1, and 0.026-inch 24ST aluminum alloy
for the second panel, designated as specimen 6.

A technlque wa g developed for attachlng Tuckerman opti-
‘cal strain gages to .tho sheet without disturbing the strain
digtribution in tho sheet by the method of attachment. 3By
means of this technigue, extreme fiber gtreing were measured
in an axlal as well as 1In a transversge direction at a suf-
ficient number of points on specimen 6 to give & fairly
complete picture of the strain distridbution in the buckled
shoet,



N.A.C.A, Technical Note No. 684 51

The shape of the buckles in the sheet of gpecimen 6
was recorded at two loads by means of plaster of paris
casts,

The twigting and the bending of the stringerg were
meagured by means of pointers attached to the stringers
at a large number of sections. Pointer positions were re-
corded photographically up to the ultimate load, at which
the strlngers failed by buckllng. o a

The sheet loads at failure and the stringer loads at
failure were compared with the corresponding loads for a
set of five similar panel§ tested at the Navy model basin,
The sheet load at failure was found to be nsarly constant
for a given size of sheet, ranging from 5,500 to 5,650
pounds for the. 0,070-inch 24ST Alclad and from 900 to 1,100
pounds for the 0,025-inch-24ST sheet, " The average stringer
stresgss at fallure wasg egual to 36,200 pounds per square
inch for each one of the two specimeng tested at tho Nation-
al Bureau of Standards. It ranged from 30,200 to 38,400
pounds per sguare inch for the gpecimens tested at the model
basin. The loss in buckling strength' of the stringers in
some of the panels tested at the model basgin was probadly
due to'a difference in end restraint, the flat-end condi-
tion usged at the model basin tests providing less Tegstraint
than the casting of the ends in Wood's metal used at the
National Bureau of Standards.

: .. A detailed comparlson wag made between the measured
deformation of the buckled gsheet and the deformation cal-
culated from approximate theorieg for the deformation in a

square sheet with freely supported edges buckling under

ond compression which have been advanced by Timoshenko,
Frankland, and Marguerre, Frankland's theory is the only
one of the three consgidering tnhe effect of the stringer,
Timoshenko's solution was extended to cover the case of
rectangular buckles. that were not square. The buckles in
the sheeot-stringer panels had a ratio of 0,6 to 0.7 of
length to width so that this extension seemed desirabdle,
Frankland's theory and Marguerre's theory were used without
going beyond the relatively simple spoccial case of the
square sheet, The comparison led to the following results,

The sheet load and the effective width of the sheet
was most accurately described by Marguerre's approximate
theory; a relatively Y"exacth formula due to Marguerre gave
still better agreement with the observed sheet load,
Frankland's theory described the effective width for spec-
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imen 1 but gave values that were: too high for specimen 6,
Timoshenko's theory resulted in .a variation (up to 25 per-
cent) in effective width in passing from the node of a
buckle to-its cregt, which was larger than that observed
but which covered the observed values withlin itg range,

The digstribution of median fiber gtrain across the
sheet wag falrly well degcribed by all three theories,
with Timoshenko's and Frankland's theories somewhat better
than Marguerre'!s, Timoshenko's theory predicted, in par-
ticular,. the somewhat paradoxicdl setting up of median
fiber tensile strain in the center of the sheet under guf-
ficiently high end compression. - -

The digtribution of transverse strain was found to
be degdribed satisfactorily by Frankland's btheory only,
The digtribution given by Timoshenko's and Marguerrels
theories differed from the observed values not only guan-
titatlvely but even in sign, : s

The-measured distribution of axial gtregss across the
sheet of sgpecimen 6 was dedcribed most satisfactorily by
Frankland's theory., Timoshenko'!s theory indicatcd a change
in stress distribution in passing from a duckle hode to a
buckle crest which was . greater than the observed change and
which differed from it in’' character. Marguerre's approxi-
mate theory showed no change In stregs diegtribution in an’
axial direction; the sghape of the stress-disgstridbution curve
differed considerably from the observed curve especially at
high loads., The variation with load of the axial:stress
at the buckle crest for gpecimen 6 was best degcribed by
Frankland!s theory while that of the transverse stress at
the buckle crest wag best described by Marguerre'!s . theory.
The shape of the buckle was best described. by Timoshenko'ls
theory, A corresponding agreooment could not bBe expected
from Marguerro's and Frankland's theories, which had nof¥
been extended to the case of rectangular buckles different
from a ggquare¢., Marguerre's buckle' had a-transversgse section
which wag not sinusoidal as for the other two theorles but
which had & third-order harmonic to describe the pressnce”
of local buckles near the edge of the gneu%., The third-
.order component increéased rapidly as the-trckleg in the
sheet became deeper and led to &an increascd diiference be-
tween the ¢alculated and the measured buckle contour

It is probable that both Frankland'!'s and Margaerre's
theorlies would describe the deformation of the buckled
gheet better than Timoshenkot!s theory if the numerical
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solutions were extended to rectangular buckles that are
not gquare, An improvement in all three theories as ap-
plied to the buckling of the. sheet bstween stringers is
to be expected from the assumption of a buckle contour
whose transverse section more nearly corrocgponded to that
of tho mocasured buckles; the transverse sectlions of the
measured buckles showed a lessening in the slope near the
" stringer edge due to the restraint from the stringers 5o
which. the sheet is attached, while the slope of the the-
oreticalbuckles was a maximum at the stringer edgs.

The measured effective width for specimensg.l and &
was compared with the effective width given by nine dif-
ferent relations :for effective width as a -function of the

edge stress ¢. divided by the buckling stress o5, of -

the sheet, which were found in"thefliteratufe. The value
0f Jap Wwill,'in general, depend on the method of attach-

ment of the sheet to the stringer apd also. on the rigidity
of tho stringer. Taking it equal to the measured critical
stress brought the points for both specimens to scatter
about a common curve excepting’ those points where yisld-
ing of the plate was appreciable. The most satisfactory
description of this curve.was .given by. Gox's formula

w/2a = 0.14 + 0.85 /O cr7 in-which w/2a 'is the ratio
of the effective width w of the sheet to its initial )
width 2a, Approximating o, Dby its value for a long

rectangular gheet with supported edges gave values that
were about 8 percent low for specimen 1 and about 40 per-
cent low for gpccimen 6. Applying thig convenient though
inaccurate approximation gave the best results with

: 3/
Marguerre's formula w = 2a %ﬁ¢r70 = 1,54 % % %? where

t 1is the gheet thickness; this formula was found to de-
scribe the observed effective width of both -specimens up

to failure within 12 percent.: Von Karmen's well-known-
formula, which is upon the.same basgis 'w = 2a,/06r76 =

1.92 t ,/E/o, was found to lead to effective widths up to
35 percent below those obgerved for specimsen 6,

The analysis of the measured stringer deformation was
confined to an application of Southwell's method of plot-
ting deformation against deformation over load, .If the
stringer appreaches instability in accordance W1th '
Southwell's relation, the deformation will be a linear
function of the deformation divided’ by the load and the
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slope of the straight line obtained will be egual ‘to the
elastic buckling load, Care must be taken to plot the
deformation -due to. the load, which necegsitates a small
zero correction to:.the megsurcd-deformetion in many cases,
Applying this correction to the twisting deformation of -
one of the stringersg of specimon 1, as measured by the
digplacement of -polnters attached to the stringer,; gave
excellont stralght lines with a slope in remarkable agree-
ment with the observed ultimate load of the -panel, A _
very good check with the obgerved ultimate load was also
obtained from a plot of the bending deformation as indi-
cated by the pointer readings, A plot of bending defor-
mation of the stringer as indicated by the difference in
extreme fiber gtraing meagured by Tuckerman dptical '‘strain
gages gave a number of points ‘which could not be brought-
to scatter about a common straight line but which had tweo
approximately straight-line portlons, one with.a slope 34
‘percent greater than the ultimate load and the other with

a slope equal to the ultimate load., A Southwell plot that
would have included only readings in the first stralght-
line range would, obviously, have led to the wrong angwer,
In the case of specimen 6, buckling loads for twisting de-
formation and for bending doformation were not in as
striking dgreement with the obgerved buckling load, but the
agreement wag still sufficlient to Indicate that the stringer
fallure in both specimens was due to an instabdbility in
which the stringer was simultaneously twisted and bent as,

a column, The conclusion thHat the failure of tHe stringers
of both. specimens was due to a combination of twisting in-
stability and column - -instability wes also drawn from the’
plots of obgerved twistg about three mutually perpendicular
axes, Which were obtained from the ‘displacements of the
pointers attached to the stringers,

Application of Southwell’s .method to thée twisting
failure of a S5-inch gtringer specimen tested asg a short .
column led to a buckling load that was in cloge agreenent
with the observed buckling load, although the axial com- .
pressive stregs at failure was. well above the yield
strength of the material,

It must not be concluded from the success of .
Southwell?'s method in all those cases in which thé exist-
ence of a straight-line relation betwsen deformation and
deformation over load was established over a large range
of deformations that Southwell's method is applicabdle to. .
the whole range of primary instabilities that may be sn-.
countered in monocogque construction, Proofs for the
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validity of the method have been found iIn the literaturs
for only two casas: the glightly bent elastic column, and
the slagtic member of constant section under certain com-
binations of axial and transverse loads, Except for these
gpecial cases, the validity of the method rests on rather
meager experimental evidence such a&as the work of Gough and
Cox on the buckling of plates subjected to edge shears and
the work presented in this paper, Much more empirical evi-
denge and much more theoretical knowledge are mnesded on

tho change of deformation with load of structures approach-
- ing instability to establish the scope of the method and
to clear up cases of straight-line plots over a limited

ranges of deformation which may lead to: srroneous conclu-
sions,* o .

-Nafibnﬁllﬁﬁreau-of-Sﬁaﬁaérds,
Washington, D..C., September 21, 1938,

*A theoretical explanation for ‘the greater generality of
Southwell'yg method has been advanced by L. B, Tuckerman

since the preparation of this note, Tuckerman showed in

a paper entitled "Heterostatic Loadling and Critical Agtatic
Loads" (Jour, Res., Natl. Bur, Stand., vol., 22 (1939) pp.
1-18, RE 1163) that Southwell's relation will apply to any
one of the great femily of instabilities included. in
Wostergaard's general theory for the buckling of elastic
structures.
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TABLE I — DESCRIPTION OF SHEIT-STRIMGER SPECIMENS
[See also fige 1]
Total | Ratio of
Total |sheet stringer
Material Sheet |stringer|area area to
Spec— Length|Width|thick-| area | Mo, | total area
imen (in.) ! (in.) | ness 3hqt | (sa. 3h e
Stringers | Sheet (in.) ( y y| in.) S
SJ.1. . )_J,AS + EA‘St
2UsT 2UsT
1 | Extraded |Ateraa| 9 | 16 [0.070 | 0.39 |1.12 0.26
‘ 2UsT
5 | gxtroded | 2UST 19 16 025 <39 10 U9
TABLE II - TENSILE PROPERTIES OF SHEET AND Z STRINGERS
AS OBTAINED BY NAVY DEPARTMENT
Tensile
Young'!s yield Tensile
modulus strength strength
(kips per (kips per (kips per
sqg. in.) sg. in,) sq. in.)
Specimen 1:
24ST Alclad sheet 9,700 49,7 52.8
Stringer
A 10,800 47,9 -
B 10,500 52,8 64,0
c 10,400 50.1 63.6
Specimen 6:
24ST sheet 10,500 47 .3 85.5
Stringer
Q 10,500 51.8 63.3
R 10,500 51,9 63,8
3 10,400 51.6 55.0




TABLE IIXI - RESULTS OF END OOMPRESSION TESTS OF SHEET-STRINGER PANELS
Sheet Length Loadg at failurs
B8tringer oiress at fallure ]'Ef:!aot:lve width of
Bpecimen Matertal [Thickness Total Average {averaga) plate at failure
Bhaet |Stringer
alemant | elemsnt
{in.) (1n.) | () [ (.Y | (1b.) (1v,/sq. 1n.) (in.)
) National Buraau of 348T Alclad| 0.070 19.00 | 38,500 5,600 4, 700 36,200 a.3b
Stendarda
3A Navy model basin 2437 Alolmd 070 7.28 | 36,800 b,B850 | 4,730 38, 400 2,560
3B Hayy model basin 48T Alolad| .070 | 11.83 |37,000( 5,800 | 4,870 87,400 2,35
3 Havy model basin 848? Alclad| .070 |19 26,000 [ 5,500 | 5,000 8,400 2.55
4 HNavy model basin
Top seotion 3487 036 |19 15,800 900 | 4,070 31,300 1.13
Middle mection 3481 .035 |19 15,800 [ 1,000 | 3,930 30, 200 1.35
6 Navy model basin 24a7T 036 |19 18,100 | 1,060 | 8,870 30,400 1.35
6 Natiopal Bureau of
8tandards 2487 .036 |19 18,400 | 1,200 | 4,700 8, 200 1.237

lextrapolated to load at failure

. TABLE IV ~ RESULTS OF SOUTHWELL PLOTS OF SYRINGER DEFCRMATION
(Confined o plota with & scmttbr of points about m common stralght lins)

Estimais of Obasrved load lﬂtringor otress for
8pacimen | Type of deformation Measured by elastic tuckling load | at failure slastic buokling
by Southwell's method ) '
(1v.) (1b.) (1b./eq. 4in.)
1 Banding as a colutm [Rotwtion of pointex 8, atringer A 38,000 38, 600 33,800
Banding as a oolum |Hotstion of poinier 9, atringer A 38,000 86, 600 55,800
Twisting Roiatlon of pointer 6, stringer A 36, 600 36, 600 , 800
Twisting ‘:ztation of pointer 6, stringer A 36,600 38, 500 35,800
Twisting tation of pointer 7, stringer A 38,500 28,600 .~ a5, 600
Twisting Rotation of pointer 9, siringer A 36,500 28, 600 35,600
6 Bending as a golwmm [Difference in strain at center, atringer R 19,100 18, 400 37,100
Bending as a oolumn [Pointer 3, stringsr R 19,100 18,400 37,100
Bendifiz ma a colurn |[Pointer 4, atringsr B 19,100 18,400 37,100
Twisting Peinter 6, etringer R 20,000 18,400 39, 300
" Twisting Pointer 7, stringer R 20, 000 18,400 39, 200
Sinch . Twilsting Pointer 8, siringer R 20,000 18, 400 &9, 200
no

2 par i Twisting Rotaticon of seotion &,400 6,500 43,300

J'Btringor streas oaloulated by extrapolation from figures 40 and 41.
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8" Ends cast in 3/8 in., Wool's metal
— :
I 1
]
{ 1 Q—J.— Detail of stringer
h
-I :l_!_! S 3 3 I . T 3 7 4% = °.°7I' _ 087
| spe h
I i h = 0.036%
I I speoimen 6 )
-] Brasier Ares = ,13 sq. in,
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I

. . i
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| Rivet spacing, 7/8" |
i !
! !

Figure 1.~ Sheet-stringer specimens 1 and 6.
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Figure 7.- IXige support bar.
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Figure 10.- Illustration of shortening
due to bowing. . g
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Maximum load, kips
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Fig.

[
' |
X X +
X
4+
X Navy modsl basin ( flat ends)
4+ N.B.S. ( ends cast in 3/8 in.
¥ od‘a_m;jal)
2 4 6 8

Length, in.

Figure 2.~ Column strength of Z stringers.
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A S~inch short column specimen after
failure, showing method of casting
ends in Wood's metal.

B 8~inch short column spscimen after
failure.

Figure 3.« Flat - end-column specimens,
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0.1304 sq., in.. 1f/r = 14.3 .
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Figure 6.~ Specimen 1 with four pairs of strain gages to measure sxial strain between adjacent stringers,
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Figurs 9.« Specimen 1 with three pairs of straln geges to measurs strain betwesn adjacent stringers.
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Figure 1ll,.- Distribution of axial strain at median fiber along
transverse conter line, Specimen 1.
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Figure l2.- Distribution of extreme fiber strains aleng transverse
center line. Specimen 1, load, 25,000 1b.
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Figure 14,~ Sheet side of specimen 1 after failure,
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Figure -
19,~ Strain gages set up to measure variation of transverse strain in axial direction. Spscimen 6.
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Figure 22.- Strain gages set up to msasure variation of axial strain in axial direction, Specimen 6.

759 "OR 8310 T®IIUMOeL °"Y'O°T°N

ee ‘Fu




N.A.C.A. Technical Note Wo. &84 Fig, 23

Load at failure (8) ®) (Q)
-_— _—— T T e ——7
' i x/ +7
f ' ,x’x/ +
! i g
16x103 = el -
1 ’./ +
; | ~
! I /X//{»J/‘I"
ol
X'O;"‘
XS £
A3 +
/
X}
12 X -
Vi
éf-//
. . Va7
: i
. /8
8 -
.§ /X,-l- i
3 Y
X !
Al ‘
X Stringer S
/ | © Stringer R
. i + Stringer Q
s |—— - pee:
2
4 '
S _
,_i—
z |
0 10 20 30 40X10~%
Strain

Figure 23.- Stringer strain against load. Specimen 6,.( 0.025 in.
sheet)



¥.A.C.A. Technical Note ¥No. 684 Tig. 24

o =pr

Complete cast: Straight eage along river line.

Cast split alang Llorizonia/ cenfer line and rivert /ine

Atong node

Cast split Transversely.

Along crest

Figure 24.~ Plaster cast of bay 3, specimen 6, ( load, 10,900 1b.)
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